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Dépôt légal – Bibliothèque et Archives nationales du Québec, 2022
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c Nantes Université, Centrale Nantes, CNRS,
LS2N, 44000 Nantes, France
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Abstract : Engineering design is often faced with uncertainties, making it difficult to determine an
optimal design. In an unconstrained context, this amounts to choose the desired trade-off between risk
and performance. In this paper, an optimization problem with an adaptive risk level is stated using
the Conditional Value-at-Risk (CVaRα). Under mild conditions on the objective function and taking
advantage of the noise, CVaRα allows to smooth the problem. Then, a specific algorithm based on a
stochastic approximation scheme is developed to solve the problem. This algorithm has two appealing
properties. First, it does not use any estimation of quantile to compute the minimum of the CVaRα of
the noised objective function. Second, it uses only two function evaluations per iteration regardless of
the problem dimension. A proof of convergence to a minimum of CVaRα of the objective function is
established. This proof is based on martingale theory and does not require any information about the
differentiability or continuity of the function. Finally, test problems from the literature are combined in
a benchmark set to compare our algorithm to a risk-neutral and a worst-case optimization algorithms.
These tests prove the ability of the algorithm to be efficient in both cases, especially in large dimension.

Keywords: Risk-adverse optimization, Conditional Value-at-Risk, stochastic approximation, deriva
tive-free optimization, non convex optimization

Acknowledgements: The authors are grateful to Matt Menickelly from Argonne National Laboratory
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1 Introduction

In optimization under uncertainty, the quality of an optimum is characterized by a compromise be-

tween the objective function value and its robustness. In the unconstrained case, the robustness of an

optimum is its propensity to be less sensitive to uncertainties than another. In practice, an optimum

of high performance with high variability is usually undesired. On the contrary, a robust optimum

associated with low performance may also be unsuitable. Finding a compromise is the goal of robust

optimization. Several approaches have been proposed depending on the amount of information avail-

able. The Robust Optimisation (RO) approach [4, 5, 10, 19] needs only an uncertainty set in which the

uncertain variables vary. The Distributionally Robust Optimization (DRO) approach [8, 11, 29, 35]

needs that the uncertainties belong to a family of distributions sharing some properties. Finally, the

Risk-Adverse (RA) approach [31, 34] needs that the uncertainties be modeled by random variables

whose the distribution is known or at least can be estimated with adequate accuracy.

In engineering contexts where information on uncertainties may be missing or completely absent, the

use of RO or DRO seems particularly interesting. Nevertheless, these methods raise two problems: first,

they are used in a worst-case setting, therefore the optimum found is robust with respect to all possible

perturbations. Only the robustness is taken into account and this can lead to overly conservative

solutions. Secondly, these methods typically require specific properties such as differentiability [5, 19]

or convexity [4]. Many engineering problems resulting from experiments or simulations do not possess

such properties. On the contrary, the RA approach requires more information on the problem, i.e,

more data on the uncertainties, but this information can be used to transform the problem in a more

suitable way for optimization. In addition, the RA approach allows the use of metrics that provide

finer control over the performance/robustness trade-off than the worst-case solution. This trade-off is

particularly interesting in an unconstrained context where the uncertainties can not lead to infeasibility.

An example of these different measures applied on a function whose the decision variables are noised

by truncated Gaussian variables are plotted on Figure 1. It is worth to notice that an algorithm based

on robust optimization may lead to a loss of performance if the desired robustness degree was less

conservative.

Figure 1: A function (dotted line) with two extreme measures for dealing with uncertainties on x: the expectation measure
and the robust measure. The grey area represents all the other possible risk-adverse measures

Several measures of risk aimed at quantifying this trade-off have been developed, notably in finance,

and are now used in several fields. Among these measures, Value-at-Risk (VaRα) and Conditional Value

at Risk (CVaRα) (also called Expected Shortfall (ES) in [12], Average Value-at-Risk (AVaRα) in [31]
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or superquantile in [26]) are particularly interesting. VaRα corresponds to the 1 − α quantile tail of

a distribution while the CVaRα is the conditional mean of the tail portion of a distribution. The α

parameter allows to easily manage the trade-off between performance and robustness. CVaRα measure

is also a coherent risk measure and benefits from properties such as convexity and monotony [34]. It has

also the advantage of being able to be modeled as an infemum of an expectation function and thus no

quantile estimation is needed to compute it. This measure has already been used in multidisciplinary

design optimization (MDO) [18], in structural engineering design [26] and in a blackbox optimization

context [37] (for details about blackbox optimization readers are reffered to [2]). In the two first

approaches, the authors still assume differentiability of the objective function. In the latter, despite

the authors’ goal of reducing the computational cost, their algorithm requires hundred million function

evaluations to solve problems with ten variables. In both cases, results are prohibitive in an engineering

design context with time consuming function evaluations.

Computational costs of engineering risk-adverse optimization algorithm depend mainly on the

number of evaluations used to estimate the measure of risk and the algorithm chosen to solve the

stochastic problem. There exist methods to reduce the number of function evaluations whose the risk

is costly to estimate but they may be limited: the approach used in [37] for instance still has a great

cost in terms of function evaluations. The algorithm choice is also an efficient way to reduce the number

of function evaluations. In stochastic programming there are two main classes of algorithms: Sample

Average Approximation (SAA) [25, 30] and Stochastic Approximation (SA) [24]. The SAA is a two-

parts method: the first step approximates the expected objective function by Monte Carlo sampling,

then deterministic optimization methods may be used to solve the approximate problem. The principle

of SA is to find the root of the gradient of the expected cost function. This method has the advantage of

requiring less structural properties than the SAA-based methods . In an engineering context, where the

objective function lacks structural properties, the SA-based methods seem to be the most appropriate.

In particular, [14, 28] introduces the Smoothed Functional (SF) algorithm, which approximates the

gradient of the expected objective function by its convolution with a multivariate distribution. This

algorithm has the advantage of smoothing the function, which is extremely useful in a context of

engineering optimization where derivatives may be nonexistent or hard to obtain. Moreover, like

the Simultaneous Perturbation Stochastic Approximation [32] algorithm, the SF algorithm estimates

gradients by simultaneously perturbing all components of the decision variables. This estimation

requires only two function evaluations regardless of the problem dimension.

The goals of this paper are threefold. First, the proposed approach must give the ability for

the user to choose its desired degree of robustness. Second, it must be computationally tractable in

an engineering context, especially for dimensions of the order of tens variables. Third, it must be

able to deal with non smooth and non convex problem as it may be the case in engineering. These

contributions are organized as follows. In Section 2, we present the risk-adverse optimization problem,

develop our CVaRα approach and derive the following theoretical results. First, the problem of CVaRα

optimization may be expressed as a problem of expectation minimization. Therefore, none quantile

estimation is needed to compute the minimum of CVaRα, yielding savings on the computational burden

of function evaluations. Second, the expectation of an objective function whose decision variables are

perturbed by Gaussian noised may be seen as a convolution product. The key result is that under mild

assumptions on the objective function, this convolution product is in fact infinitely differentiable. This

result may be extended to any distribution by the Rosenblatt probabilistic transformation [27]. In

Section 3, taking advantage of the previous results and inspired by Smoothed Functional algorithm [6],

we propose a new algorithm requiring fewer function evaluations to optimize the objective function.

A convergence proof of this algorithm to a robust optimum is provided in Section 4. In Section 5, this

algorithm is compared with a derivative-free stochastic optimization algorithm [3] and a derivative-

free robust optimization algorithm [19] to show its competitiveness from expectation to worst-case

optimization. Finally, Section 6 draws conclusions and discusses future work.
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2 The theoretical properties of Conditional Value-at-Risk approach
for risk-adverse optimization

This section describes different formulations of CVaRα including structural properties to show its

interest in a context of risk-adverse optimization, where the derivatives of the objective functions may

not exist.

2.1 The formulation of risk-adverse optimization problem with Conditional Value-
at-Risk

This work studies risk-adverse optimization problem of the following form

min
x∈Rn

Ξ [f(x, ξ)] (1)

where f : Rn×S1 → S2 is a function and Ξ : S2 → R is a measure allowing to handle the uncertainties

ξ ∈ S1. This formulation is general and allows to formulate a large number of problems according to

the definitions of S1, S2 and Ξ[·]. For instance:

• if S1 = Ω, S2 = L1(Ω,F ,P) and Ξ[·] = Eξ[·] where (Ω,F ,P) defines a probability space, then

Problem (1) is stochastic optimization problem, i.e. the risk-neutral optimization of the objective

function under stochastic uncertainties.

• if S1 = U ⊂ Rm, S2 = C(U) (space of continuous function on U) and Ξ[·] = maxu∈U [·], then

Problem (1) is a robust optimization problem, i.e. the optimization of the worst case objective

function under deterministic uncertainties.

Before defining S1, S2 and Ξ[·] for this work, several assumptions are stated concerning the nature of

uncertainties and the nature of f in Problem (1). These assumptions will be used throughout.

Assumption 1. On the uncertainties, the following hold.

a. The uncertainty vector ξ = (ξx, ξp) ∈ Ω = Ω1 × Ω2 is a random vector where ξx models the

uncertainties on the decision variables and ξp models the uncertainties on the parameters.

b. The random vectors ξx and ξp are independent.

c. The univariate marginal cumulative distribution functions of ξx are known. That means, without

loss of generality, that ξx may be assumed as a symmetric truncated Gaussian random vector

and mapped to its original distribution by the use of the isoprobabilistic Rosenblatt transforma-

tion [27].

Assumption 2. Let (Ω,F ,P) be a probability space and X ⊂ Rn be a compact set, on the function f ,

the following hold.

a. The function f(x, ·) is F-measurable, for all x ∈ Rn.

b. The function f(x, ·) is bounded, for all x ∈ X .

c. A map is already embedded in the function f to perform the Rosenblatt transformation.

Assumptions 1.a and 1.b are common assumptions in risk-adverse optimization with a probabilistic

approach. Assumption 1.c is a strong assumption in an engineering context where the information on

the uncertainties may be limited. Nevertheless, in cases where only bounds of uncertainties on the

design variables are known, the use of an uniform distribution will allow to mimic the behavior of an

interval approach. Assumption 2 is equivalent to say that for all x ∈ Rn, the function f(x, ·) belongs

to L1(Ω,F ,P). This assumption ensures that the function is sufficiently regular so that its expectation

exists and is well defined. It is worth to notice that no assumption is made on the continuity nor

differentiability of the objective function with respect to x. Moreover, Assumption 2.b ensures the

existence of a minimum. Finally, Assumption 2.c is an assumption allowing to simplify the notation

by avoiding the write of the Rosenblatt transfomation all along this work.
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Consider now Problem (1) with the following elements S1 = Rn × Ω2, S2 = L1(Ω,F ,P) and

Ξ[·] = CVaRα[·]. The goal of Problem (1) becomes then to minimize the CVaRα of the function

f(x + ξx, ξp) at a risk level of interest α ∈ (0, 1] with respect to x ∈ X . That is, solve the risk-adverse

optimization problem:

min
x∈X

CVaRα(f(x + ξx, ξp)), (2)

where CVaRα(f(x + ξx, ξp)) is defined [31] by

CVaRα(f(x + ξx, ξp)) = inf
t∈R

{
t+ 1

αEξx,ξp [(f(x + ξx, ξp)− t)+]
}

(3)

in which (x)+ = max(x, 0) denotes the positive part of x. When the cumulative distribution function

of f(x + ξx, ξp) is continuous for all x ∈ X , CVaRα may be written as

CVaRα(f(x + ξx, ξp)) = t∗x(α) + 1
αEξx,ξp [(f(x + ξx, ξp)− t∗x(α))+] (4)

where t∗x(α) is defined as the left-side quantile:

t∗x(α) = inf{t : P(f(x + ξx, ξp) ≤ t) ≥ 1− α}. (5)

This formulation has the advantage to give the user the ability to choose the desired degree of robust-

ness. Choosing a level α = 1 amounts to minimize the expectation function. In the opposite case,

choosing a level near 0 for a distribution with bounded support, amounts to be as conservative as the

worst-case approach. This is particularly useful to obtain a solution less sensitive to the uncertainties.

However, this flexibility comes at a cost: smaller is the value of α, more function evaluations are needed

to estimate CVaRα, especially to estimate the left-side quantile t∗x(α). This problem may be fixed by

using a different formulation from [31].

Proposition 1. Let α := 1
1+β2

∈ (0, 1], under Assumption 2 Problem (2) is equivalent to

min
(x,t)∈X×R

ρα(x, t) (6)

where

ρα(x, t) := Eξx,ξp [f(x + ξx, ξp) + (t− f(x + ξx, ξp))+ + β2(f(x + ξx, ξp)− t)+] (7)

Proof. By Assumption 2, Z := f(x + ξx, ξp) ∈ L1(Ω,F ,P) and by setting α = 1
1+β2

, we have:

CVaRα(Z) = inf
t∈R
{t+ E[(1 + β2)(Z − t)+]}

= E[Z]− E[Z] + inf
t∈R
{ E[t+ (1 + β2)(Z − t)+]}

= E[Z] + inf
t∈R

E[(t− Z) + (Z − t)+ + β2(Z − t)+]

= E[Z] + inf
t∈R

E[(t− Z)+ + β2(Z − t)+]

= inf
t∈R

E[Z + (t− Z)+ + β2(Z − t)+].

As the function is continuous and convex in t, the infemum is a minimum, which completes the

proof.

Thus, by adding one extra variable, the problem can be formulated as an expectation minimization

problem which does not require any estimation of the right-side quantile. That allows to reduce the

number of function evaluations. However, Problem (6) remains difficult to solve for two main reasons:

first, the function f lacks structural properties such as convexity and differentiability. Most gradient-

based algorithms will fail to solve it. Second, the problem dimension may be large and derivative-free

algorithms may not be efficient in this context.
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2.2 The Conditional Value-at-Risk structural properties

The following results are inspired by [6, 28]. In these previous work, the function is perturbed with

Gaussian noise in order to estimate its gradient by a convolution product between its gradient and a

Gaussian function. In the present work, given that x is assumed to be already randomly perturbed

by a truncated Gaussian distribution, the objective function of Problem (6) ρα(x, t) may be directly

seen as a convolution product and is differentiable with respect to x. Moreover, the derivatives of the

ρα(x, t) may be calculated analytically. These results are formally stated in the following propositions.

Proposition 2. Under Assumption 1 and Assumption 2, ρα(x, t) is the convolution product between

the functions:

F (x) =

∫
Ω2

hα(x, t, ξp)φξp(ξp)dξp and G(x) =
e−

∑n
i=1

x2i
2σ2

(Φ(b)− Φ(a))σ
n
2 (2π)

n
2
.

where

hα(x, t, ξp) = f(x, ξp) + (t− f(x, ξp))+ + β2(f(x, ξp)− t)+, (8)

Φ is the cumulative distribution function of multivariate Gaussian distribution and a,b ∈ Rn are some

vectors with a ≤ b defining the bounds of the multivariate truncated Gaussian distribution.

Proof. First, the probability density function for a truncated Gaussian distribution with support

[a,b] ⊆ Rn of mean µ and of standard deviation Σ is defined by:

Gµ,Σ(x) =
e−(x−µ)TΣ−1(x−µ)

(Φ(b)− Φ(a)) det(Σ)
1
2 (2π)

n
2

.

This equality may be rewritten as

Gµ,Σ(x) =
e−

∑n
i=1

(xi−µi)
2

2σ2

(Φ(b)− Φ(a))σ
n
2 (2π)

n
2

=
1

Φ(b)− Φ(a)

n∏
i=1

Gµi,σ(xi).

Then, by defining X = x + ξx and since ξx has a multivariate truncated Gaussian distribution, we

obtain

ρα(x, t) = Eξx,ξp [f(x + ξx, ξp) + (t− f(x + ξx, ξp))+ + β2(f(x + ξx, ξp)− t)+]

=

∫
Ω1×Ω2

hα(x + ξx, t, ξp)φξx(ξx)φξp(ξp)dξxdξp

=
1

Φ(b)− Φ(a)

∫
Ω1×Ω2

hα(x + ξx, t, ξp)

n∏
i=1

G0,σ(ξxi)φξp(ξp)dXdξp

=
1

Φ(b)− Φ(a)

∫
Ω1×Ω2

hα(X, t, ξp)

n∏
i=1

Gxi,σ(Xi)φξp(ξp)dXdξp

=
1

Φ(b)− Φ(a)

∫
Ω1×Ω2

hα(X, t, ξp)

n∏
i=1

G0,σ(xi −Xi)φξp(ξp)dXdξp

=
1

Φ(b)− Φ(a)

∫
Ω1

(∫
Ω2

hα(X, t, ξp)φξp(ξp)dξp

)
G0,Σ(x−X)dX.

Finally, the latter formulation may be seen as the convolution between the two following functions:

F (x) =

∫
Ω2

hα(x, t, ξp)φξp(ξp)dξp and G(x) =
e−

∑n
i=1

x2i
2σ2

(Φ(b)− Φ(a))σ
n
2 (2π)

n
2
.
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The following proposition gives an analytical way to calculate the derivatives of ρα, using mild

conditions on the properties of the objective function.

Proposition 3. Under Assumption 1 and Assumption 2, ρα(x, t) is infinitely continuously differentiable

with respect to x and its partial derivatives are

∀i ∈ [1, n],
∂

∂xi
ρα(x, t) =

1

σ2
Eξx,ξp [ξxihα(x + ξx, t, ξp)].

with hα defined in (8).

Proof. Given that ρα(x, t) may be seen as a convolution product and F is integrable, as the Gaussian

function is infinitely continuously differentiable, ρα(x, t) is also infinitely continuously differentiable.

Moreover, by noting ∗ the convolution product, the derivatives of ρα(x, t) are:

∀i ∈ [1, n],
∂

∂xi
ρα(x, t) =

∂

∂xi

(
F ∗G

)
(x)

=
(
F ∗ ∂

∂xi
G
)

(x)

=

∫
Ω1

(∫
Ω2

hα(X, t, ξp)φξp(ξp)dξp

)
(Xi − xi)

σ2
G0,Σ(x−X)dX

=
1

σ2
Eξx,ξp [hα(X, t, ξp)(Xi − xi)]

=
1

σ2
Eξx,ξp [ξxihα(x + ξx, t, ξp)].

These results are particularly interesting in an engineering context where the derivatives of f may

be nonexistent or difficult to compute. Indeed, without conditions on the continuity of the objective

function and knowing the univariate cumulative distribution functions of the uncertainties on the

decision variables, Problem (6) may be seen as a minimization problem of an infinitely differentiable

function whose the derivatives may be estimated. The next section will be dedicated to fully exploit

these results to obtain an efficient minimization algorithm.

3 Stochastic approximation for Conditional Value at Risk optimiza-
tion

In this section, an algorithm based on the stochastic approximation scheme [6, 7, 15] is presented to

minimize the objective function in Problem (6). Then, practical considerations are addressed including

the choice of sequences ak and ck, the choice of stopping criterion and the ease of implementation of

the algorithm.

3.1 Risk-adverse Optimization by Stochastic Approximation (ROSA) algorithm

There are many different stochastic algorithms allowing to solve Problem (6). However, since f may be

non-differentiable and hard to compute, SAA-type algorithms are not suitable. Indeed, the convergence

properties of SAAs are based on regularity conditions of f and therefore might not converge. On the

contrary, SA-type algorithms only require regularity conditions on the expectation of the objective

function. With respect to x, ρα is infinitely continuously differentiable since Propositions 2 and 3.

With respect to t, ρα is piecewise linear and convex which ensures the Gateau differentiability of ρα
in this direction. Thus, SA-type algorithm are well suited for Problem (6). However, the difference of

regularity of ρα with respect to x and t leads to use different schemes to update the variables.

On the one hand, the Smoothed Functional (SF) scheme first introduced by [14, 28], seems par-

ticularly well suited for the decision variables x of Problem (6). This algorithm is derived from a
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convolution between the noisy objective function and a multivariate Gaussian distribution. The re-

sulting algorithm has the remarkable feature of estimating the gradient of the objective function by

simultaneously perturbing all the decision variables. This estimation requires only one or two eval-

uations of the objective function regardless of the problem dimension. For more details on SF-like

algorithms, the reader is referred to [6, 16]. In this work, the objective function is already perturbed

by Gaussian noised and its expectation is therefore a convolution product as proved in Proposition 2.

The SF update strategy may be directly applied on the decision variables x. The goal of the SF scheme

is to track the asymptotic behavior of the following ordinary differential equation

ẋ(u) = −∇xρα(x(u), t(u)).

This is a ordinary differential equation, called Euler’s equation, which converges to the set

Hx = {x|∇xρα(x, t) = 0}.

On the other hand, the Stochastic Subgradient (SS) scheme [7] seems to be well suited for the decision

variable t of Problem (6) since the directional derivatives with respect to t are known. The goal of the

SS scheme is to track the asymptotic behavior of the following ordinary differential inclusion

ṫ(u) ∈ −∂tρα(x(u), t(u))

where ∂tρα is the subdifferential of ρα with respect to t. This ordinary differential inclusion converges

to the set

Ht = {t|0 ∈ ∂tρα(x, t)}.

The ROSA algorithm is the combination of these schemes and thus leads to the set of critical point of ρα
in which local minima are contained. The detailed version of the algorithm is given in Algorithm 1.

3.2 Practical considerations

In stochastic approximation, the choice of the step sizes ak and ck is critical for the efficiency of the

algorithm. In practice, the step sizes allow to choose the best trade off between the exploration of the

space of design variables and the efficiency of the local search. Assumption 3, although restrictive,

leaves a large choice of sequences ensuring the convergence. That is why, from the very beginning, it

has been the subject of numerous work for instance in [33] or more recently [13, 36]. However, these

methods are not necessarily adapted to this work since the update of the artificial variable t is different.

Thus, two different methods are used to choose the step sizes ak and ck.

Firstly, the step sizes ak are used to update the decision variables xk. In this work, the optimal

choice of ak depends on three elements. First, as mentioned in [36], the step sizes depend on the ratio

between the initial error x0 − x∗, where x∗ is the solution of the problem, and the level of noise ξk.

The problem is that neither the initial error nor the level of noise is known in practice. However, this

ratio r̃ may be estimated at x0 by sampling L different values of ξ and calculating with Equation (13).

If the ratio between the initial error and the level of noise is large, then the step sizes ak must be

small in order to better ensure local convergence. On the contrary, if this ratio is small, then the step

sizes must be large in order to better explore the space. Second, specifically in this work, the step

sizes depend on the desired degree of robustness. Indeed, smaller is the value of α, greater is the value

of β2, so more important is the instability of the function hα. Thus, the degree of robustness may be

interpreted as an additional level of noise. Therefore, when α is near to 1, the step sizes must stay

the same, while when α is close to 0, the step sizes must be reduced if it was large and increased if

it was small. Finally, the step sizes may also depend on the dimension of the problem and on the

maximal “size” of the compact set C. In the common case where C is an hyperrectangle, its size is the

difference between the lower bounds and the upper bounds. In this case, the dependency is clear: the

step sizes must increase with the size of C and decrease with the dimension. These three rules lead to

the heuristic described in Algorithm 2 when C is an hyperrectangle. They are used to set the initial
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Algorithm 1 Risk-Adverse by Stochastic Approximation algorithm (two measurements version)

1: Initialization:
2: An iteration counter k = 0
3: A starting point x0, t01 = 1 and t02 = −1
4: A compact set X
5: Two sequences ak and ck calculated with Algorithm 2
6: for k = 1, 2, ..., N do
7: Simulate ξxk ∈ Rn as a truncated Gaussian random vector
8: Calculate

hα(xk + ξxk , t
k
1 , ξ

1
pk

) = f(xk + ξxk , ξ
1
pk

) + (tk1 − f(xk + ξxk , ξ
1
pk

))+

+ β2(f(xk + ξxk , ξ
1
pk

)− tk1)+

hα(xk − ξxk , t
k
2 , ξ

2
pk

) = f(xk − ξxk , ξ
2
pk

) + (tk2 − f(xk − ξxk , ξ
2
pk

))+

+ β2(f(xk − ξxk , ξ
2
pk

)− tk2)+

(9)

9: Update xk

xk+1 = xk − ak
hα(xk + ξxk , t

k
1 , ξ

1
pk

)− hα(xk − ξxk , t
k
2 , ξ

2
pk

)

2
ξxk (10)

10: Update tk1 and tk2 if k/10 = 0 or k > N/10

tk+1
1 = tk1 − ck g̃(xk + ξxk , t

k
1 , ξ

1
pk

)

tk+1
2 = tk2 − ck g̃(xk − ξxk , t

k
2 , ξ

2
pk

),
(11)

where

g̃(x + ξx, t, ξp) =


−β2 if t < f(x + ξx, ξp)

0 if t = f(x + ξx, ξp)
1 if t > f(x + ξx, ξp)

(12)

11: Project (xk+1, tk+1
1 , tk+1

2 ) on C ⊂ Rn+2:

xk+1, tk+1
1 , tk+1

2 = ΠC(xk+1, tk+1
1 , tk+1

2 )

12: end for

step size a0. Then, the step sizes ak are defined by Equation (16). This step sizes rule ensures to have

the optimal convergence rate asymptotically and seems work well in practice with this choice of a0.

Secondly, the step sizes ck are used to update the additional variable tk. As t is an additional

variable, the choice of the optimal step sizes ck do not depend on the structure of the problem but

rather on the desired degree of robustness. That is why, in this work the initial step size is proportional

to α and more or less large according to the value of r̃. With regard to the update of the step sizes ck,

it is different from ak. Indeed, when α is small, i.e. β2 is large, the variation of tk from an iteration to

another may be very important ( see Equations (11) and (12) ). That is why, the algorithm used in

practice does not update the variable tk at each iteration in the early step of the optimization process in

order to ensure more stability (see Algorithm 1). So that the variations of tk are not neglected during

the following iterations, the step sizes ck is chosen to decrease more slowly than the step sizes ak (see

Equation (16)).

Furthermore, the concern about the stopping criterion is a matter in for SA-based algorithms [6].

As many stochastic optimization algorithms, the convergence results are obtained at infinity. However

in practice, the algorithm needs a stopping criterion. An interesting way to stop the algorithm from [6]

is to calculate the mean norm between the ki last iterates, for instance with ki = 10. If this mean is

inferior to a prespecified threshold then the algorithm is stopped. However in this work, the iterates

tk remains variable for a long time, especially when α is small. Therefore, a maximum number of

evaluations 2N is used to stop the algorithm. This is coherent with the fact that the algorithm is

designed for an engineering context where the number of evaluations is usually limited.

Last but not least, it is worth to notice that the technical implementation of this algorithm is only

based on Algorithms 1 and 2. No additional library or code is necessary to obtain the numerical results
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Algorithm 2 The heuristic to choose ak and ck

1: Sample L i.i.d truncated Gaussian vector ξ
(i)

x0 ∈ Rn
2: Calculate the estimation of the ratio

r̃ =
1

L

L∑
i=1

|f(x0, ξ
(i)

p0 )− f(x0 + ξ
(i)

x0 , ξ
(i)

p0 )|

||TR(ξ
(i)

x0 )||
(13)

where TR is the Rosenblatt transformation.
3: Set the first terms such that:

a0 =


− 4

2+log10(α
r̃

)
max(ui−`i)

min(10,n)
if r̃ > 1

min

(
20 max(ui − `i), 4

2−log10(αr̃) max(ui−`i)
min(10,n)

)
otherwise.

(14)

c0 =

{
α r̃ > 1

100α otherwise.
(15)

4: Set

ak =
a0

k + 1
and ck =

c0

(k + 1)0.501
(16)

for all k ∈ {1, ..., N}.

of the next section. This is perhaps the most interesting advantage for this algorithm to be used and

tested by any type of audience.

4 Convergence analysis of the ROSA algorithm

This section studies the convergence of the ROSA algorithm to a minimum of the function ρα, i.e. a

minimum of CVaRα(f()). This study is mainly based on the convergence of stochastic approximation

scheme.

4.1 Assumptions

In order to prove the convergence, the following assumptions hold.

Assumption 3. The step sizes ak and ck with k ≥ 0 are positive and satisfy the requirements:∑
k

ak = +∞,
∑
k

ck = +∞ and
∑
k

max(ak, ck)2 < +∞.

Assumption 4. The algorithm is run on a hyperrectangle C = X × T1 × T2 ⊂ Rn+2 with a provided

projection operator ΠC and with T1 and T2 two segments of R.

Now, by defining the following set

C(x, t1, t2) =

{
{0} if (x, t1, t2) ∈ int(C)

N∂C(x, t1, t2) if (x, t1, t2) ∈ ∂C (17)

where N∂C(x, t1, t2) is the the infinite convex cone generated by the outernormals at (x, t1, t2) of the

faces on which (x, t1, t2) lies. Then, the projected ordinary differential inclusion, whose the iterates (10)

and (11) try to track the asymptotic behavior, may be defined by ẋ(u)
ṫ1(u)
ṫ2(u)

 ∈ 1

2

∇xρα(x(u), t1(u)) +∇xρα(x(u), t2(u))
2∂tρα(x(u), t1(u))
2∂tρα(x(u), t2(u))

+ z, z(u) ∈ −C(x, t1, t2), (18)

where z is the projection term, i.e., the minimum force to keep (x, t1, t2) in C.
Assumption 5. The (unknown) cumulative distribution function of f(x + ξx, ξp) is continuous.
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Assumption 3 is a common in stochastic algorithm [7, 15] to ensure that the algorithm does not

stop before convergence. Assumption 4 may seem odd in a context of unconstrained optimization. It is

mainly a practical assumption because it is usually hard to verify a priori the boundness of a function

on a non compact set. Finally, Assumption 5 is hard to verify a priori, but is not very restrictive since

it is equivalent to assume that ∀x ∈ R,P(f(x + ξx, ξp) = x) = 0, i.e., that the function is not constant

on large areas.

Now, before presenting the main results of this section, the algorithm update rules (10) and (11)

will be modified to fit in with stochastic approximation schemes [15]. On the one hand, the update

rule (10) may be transformed, for i ∈ [1, n], as follows

xk+1
i = xki − ak

(
ξxki

h(xk + ξxk , t
k
1 , ξ

1
pk)− h(xk − ξxk , t

k
2 , ξ

2
pk)

2

− Eξx,ξp

[
ξxki

h(xk + ξxk , t
k
1 , ξ

1
pk)− h(xk − ξxk , t

k
2 , ξ

2
pk)

2

]

+ Eξx,ξp

[
ξxki

h(xk + ξxk , t
k
1 , ξ

1
pk)− h(xk − ξxk , t

k
2 , ξ

2
pk)

2

]
+ Zki

)
= xki − ak

(
∇xρα(xk, tk1) +∇xρα(xk, tk2)

2
+Mk

i + Zki

)
where the gradient appears as the result of Proposition 3,the noised sequence is

Mk
i = ξxki

h(xk + ξxk , t
k
1 , ξ

1
pk)− h(xk − ξxk , t

k
2 , ξ

2
pk)

2

− Eξx,ξp

[
ξxki

h(xk + ξxk , t
k
1 , ξ

1
pk)− h(xk − ξxk , t

k
2 , ξ

2
pk)

2

]
.

(19)

and Zki is the constraint term which take the iterates given by Equation (10) back to the hyperrectangle

C if it is not in C. On the other hand, the update rules (11) may be transformed as follows

tk+1
1 = tk1 − ck(δ1(xk, tk1) +Mk

t1 + Zkt1)

tk+1
2 = tk2 − ck(δ2(xk, tk2) +Mk

t2 + Zkt2)

with

δ1(xk, tk1) = Eξx,ξp [g̃(xk + ξxk , t
k
1 , ξpk)]

δ2(xk, tk2) = Eξx,ξp [g̃(xk − ξxk , t
k
2 , ξpk)]

(20)

and the noised sequences are

Mk
t1 = g̃(xk + ξxk , t

k
1 , ξpk)− δ1(xk, tk1),

Mk
t2 = g̃(xk − ξxk , t

k
2 , ξpk)− δ2(xk, tk2).

(21)

In order to fit in with the general scheme, it is necessary to show that δ1(x, t) and δ2(x, t) are subgra-

dients of ρ with respect to t, it is the subject of the next lemma.

Lemma 1. For all (x, t) ∈ C, the following equalities hold

• δ1(x, t) = δ2(x, t) := δ(x, t)

• δ(x, t) ∈ ∂ρα(x, t)

Proof. The first point comes from the symmetry of the probability density function φ(ξx), in fact for

(x, t) ∈ C:

δ1(x, t) = Eξx,ξp [g̃(x + ξx, t, ξp)]
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=

∫
Ω

g̃(x + ξx, t, ξp)φ(ξx)φ(ξp)dξxdξp

= −
∫

Ω

−g̃(x− ξx, t, ξp)φ(−ξx)φ(ξp)dξxdξp

= δ2(x, t)

because φ(ξx) = φ(−ξx). Thus, it remains to prove that δ(x, t) ∈ ∂tρα(x, t).

Let (x, t0) ∈ C, the random subdifferential ∂th(x + ξx, t, ξp) may be defined as:

∂th(x + ξx, t0, ξp) ∈


{−β2} if t0 < f(x + ξx, ξp),[
−β2, 1

]
if t0 = f(x + ξx, ξp),

{1} if t0 > f(x + ξx, ξp).

Moreover, since h is continuous and convex with respect to t for all (ξx, ξp) ∈ Ω and ρ is proper, then

by applying Theorem (7.47) of [31], for (x, t0) ∈ C

∂tρ(x, t0) =

∫
Ω

∂th(x + ξx, t0, ξp)dP(ξx, ξp) +NT (t0)

=

{∫
Ω

ν(x, ξx, ξp)dP(ξx, ξp) | ν(x, ξx, ξp) ∈ ∂th(x + ξx, t0, ξp) a.s.

}
+NT (t0)

where ν are integrable multivalued functions and NT (t0) is the normal cone of the segment T . Since, in

the algorithm, g̃ has been built such that it belongs to ∂th(x+ξx, t, ξp) almost surely for any (x, t) ∈ C,
then a direct consequence of this theorem is that δ(x, t) ∈ ∂tρ(x, t0) almost surely for all (x, t) ∈ C.

4.2 Analysis

The convergence of the algorithm is based on the theorem 6.2 of [15], to fill in the conditions of this

theorem a sequence of lemmas and propositions are provided in the following order:

• Lemma 3 analyzes the martingale difference sequence associate with the update rules (11)

and (10).

• Proposition 4 shows that the resulting martingale is almost surely convergent.

• Lemma 4 shows that the noise on the estimations of the gradient and subdifferential tends to

zero when the number of iterations tends to infinity.

The formal proof is given finally in Theorem 1 where the different assumptions of the theorem 6.2 are

stated from the previous results. In order to proof Lemma 3, the following result from [23] is used.

Lemma 2. Let A be a sigma field, X and Y be some random vectors such that Y is independent of A
and X is A measurable. Then, for all measurable bounded function Ψ{

E(Ψ(X,Y)|A) = φ(X)
φ(x) = E(Ψ(x,Y)).

This Lemma will be used to prove that the noised sequences defined in Equations (19) and (21)

are martingale difference sequences and have bounded second order moment.

Lemma 3. Let Mk
i for i ∈ [1, n] and Mk

t be the noised sequence defined respectively in Equations (19)

and (21) and Fk = σ(xk, tk1 , t
k
2 , ξxk , ξ

1
pk , ξ

2
pk) be a sequence of associated sigma fields. Then, (Mk

i ,Fk)

and (Mk
t ,Fk), k ≥ 0, are martingale difference sequences, i.e. ∀i ∈ [1, n]:

E[Mk+1
i |Fk] = 0, E[Mk+1

t1 |F
k] = 0 and E[Mk+1

t2 |F
k] = 0.

Moreover, the following inequalities hold

E[|Mk+1
i |2|Fk] ≤ Ki, E[|Mk+1

t1 |
2|Fk] ≤ Kt1 and E[|Mk+1

t2 |
2|Fk] ≤ Kt2

for some Ki > 0 and Kt > 0.
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Proof.

Let i ∈ [1, n]. By noting

Xk+1 = [xk+1, tk+1
1 , tk+1

2 ],

Yk+1 = [ξxk+1 , ξ1
pk+1 , ξ

2
pk+1 ],

Ψi(X
k+1,Yk+1) = ξxk+1

i

h(xk+1 + ξxk+1 , tk+1
1 , ξ1

pk+1)− h(xk+1 − ξxk+1 , tk+1
2 , ξ2

pk+1)

2
,

we have

E[Mk+1
i |Fk] = E

[
Ψi(X

k+1,Yk+1)− EY

[
Ψi(X

k+1,Yk+1)
]
|Fk

]
= E

[
Ψi(X

k+1,Yk+1)|Fk
]
− E

[
EY

[
Ψi(X

k+1,Yk+1)
]
|Fk

]
.

Yet, EY

[
Ψi(X

k+1,Yk+1)
]

is a constant conditionning on Fk since Xk+1 is determined by Xk via the

recursive Equations (10) and (11) and that the expectation is taken over (ξx, ξp), thus

E
[
EY

[
Ψi(X

k+1,Yk+1)
]
|Fk

]
= EY

[
Ψi(X

k+1,Yk+1)
]
.

Furthermore, Xk+1 is build from the variables in Fk and therefore is Fk-measurable, the vector Y k+1

is independent of Fk and Ψi is a bounded measurable function because of Assumptions 1, 2 and 4.

Then, the Lemma 2 is applied

E
[
Ψi(X

k+1,Yk+1)|Fk
]

= EY[Ψi(X
k+1,Yk+1)]

and so

E[Mk+1
i |Fk] = 0.

The same reasoning may be applied by using Xk+1 and Yk+1 as above and by defining

Ψt1(Xk+1,Yk+1) = g̃(xk+1 + ξxk+1 , tk+1
1 , ξ1

pk+1),

Ψt2(Xk+1,Yk+1) = g̃(xk+1 + ξxk+1 , tk+1
2 , ξ1

pk+1)

For all t ∈ {t1, t2}, EY

[
Ψt(X

k+1,Yk+1)
]

is a constant conditioning on Fk and Ψt is a bounded

measurable function by definition, thus by applying the Lemma (2), we have again:

E[Mk+1
t |Fk] = E

[
Ψt(X

k+1,Yk+1)|Fk
]
− E

[
EY

[
Ψt(X

k+1,Yk+1)
]
|Fk

]
= 0.

Thus, (Mk
i ,Fk), (Mk

t1 ,F
k) and (Mk

t2 ,F
k) are martingale difference sequences. The last inequalities

arise from the fact that Ψi, Ψt2 and Ψt1 are bounded measurable functions.

Now, let Mk = (Mk
1 , ...,M

k
n ,M

k
t1 ,M

k
t2), the sequence (Mk,Fk) is a vector martingale sequence and

the following process may be defined

Zk =

k−1∑
l=0

max(al, cl)Ml+1.

Proposition 4. The sequence (Zk,Fk), k ≥ 0, is a zero mean, square integrable and almost surely

convergent martingale.

Proof. By definition Zk is Fk-measurable. It is a zero mean integrable martingale because

E[Zk] =

k−1∑
l=0

max(al, cl)E[Ml+1] =

k−1∑
l=0

max(al, cl)E[E[Ml+1|F l]] = 0.
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Moreover, Zk is square integrable as consequence of the second part of Lemmma 3. Thus, the pro-

cess Bk can be defined by

Bk =

k−1∑
l=0

E(||Zl+1 − Zl||2|F l)

=

k−1∑
l=0

max(ak, ck)2 E(||Ml+1||2|F l)

=

k−1∑
l=0

max(ak, ck)2 E((M l+1
1 )2 + ...+ (M l+1

n )2 + (M l+1
t1 )2 + (M l+1

t2 )2|F l)

≤ (n+ 1) max(K1, ..,Kn,Kt1 ,Kt2)

k−1∑
l=0

max(al, cl)2

by the second part of Lemmma 3. From Assumption 3, it follows that

Bk → B∞ <∞

almost surely and the claim follows from the martingale convergence theorem (see Theorem B.2 of [6]).

Then, let pk be a sequence of positive real numbers defined such that

p0 = 0

pk =

k−1∑
l=0

max(al, cl)

and consider the function m(p) = max{k | pk ≤ p}.
Lemma 4. Let P > 0, then ∀ε > 0

lim
k→∞

P

sup
j≥k

max
p≤P

∣∣∣∣∣∣m(jP+p)−1∑
l=m(jP )

max(al, cl)Ml
∣∣∣∣∣∣ > ε

 = 0.

Proof. Let (uk) the sequence defined, for k ≥ 0, by

uk = sup
j≥k

max
p≤P

∣∣∣∣∣∣m(jP+p)−1∑
l=m(jP )

max(al, cl)Ml
∣∣∣∣∣∣

= sup
j≥k

max
p≤P

∣∣∣∣∣∣Zm(jP+p) − Zm(jP )
∣∣∣∣∣∣.

The sequence (uk) is positive and decreasing and uk → 0 when k →∞ because Zk is an almost surely

convergente martingale by Proposition 4 and m(jP )→∞ when j →∞ by Assumption 3. Moreover,

as each Zk is integrable, so is each uk. Then, by applying the Markov inequality, we obtain

P
(
uk > ε

)
≤ E[uk]

ε
.

Then by taking the limit and knowing that interchange the expectation and the limit is justified (apply

the Monotone Convergence Theorem for decreasing sequence with integrable first term for instance),

we conclude that

lim
k→∞

P

sup
j≥k

max
p≤P

∣∣∣∣∣∣m(jP+p)−1∑
l=m(jP )

max(al, cl)Ml
∣∣∣∣∣∣ > ε

 = 0.
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Finally, consider the sequence tk =
tk1+tk2

2 and the hyperrectangle C′ = X × T ⊂ Rn+1. The final

theorem may be stated.

Theorem 1. Under assumptions 1 to 5 and consider the ordinary differential inclusion[
ẋ(u)
ṫ(u)

]
∈
[
∇xρα(x(u), t(u))
∂tρα(x(u), t(u))

]
+ z, z(u) ∈ −C(x, t) (22)

Then, with probability one, all limit points of (xk, tk) are stationary points (i.e., points where 0 belongs

to the right-hand side of (22)). Moreover, if there is a unique limit point (x∗, t∗) of the paths of (22)

then (xk, tk)→ (x∗, t∗) with probability one.

Proof. The proof of this theorem is made in two parts. The convergence of the iterates xk, tk1 and tk2
is firstly stated, then we proof how it remains to the convergence of xk and tk.

The gradient ∇xρα(x, t) is continuous, and thus bounded on X , as a result of Proposition 3 under

Assumptions 1 and 2. Moreover, by definition, the subgradients δ1 and δ2 defined in 20 are bounded

by definition. Then, the theorem 6.2 of [15] may be applied using the result of Lemma 4.5 and

Assumptions 3, 4 and 5. It states that, with probability one, the limit points of the iterates (xk, tk1 , t
k
2)

obtained from (10) and (11) are stationary points of the ordinary differential inclusion (18). Moreover,

if there is a unique limit point (x∗, t∗1, t
∗
2) of the paths of (18) then (xk, tk1 , t

k
2) → (x∗, t∗1, t

∗
2) with

probability one.

Now, as ρα is convex along the direction t and that the cumulative distribution of f is continuous

by Assumption 5, it is known [31] that the minimum of ρα(x, t), over t ∈ R, is attained at the left-side

quantile t∗x(α) = inf{t : P(f(x + ξx, ξp) ≤ t) ≥ 1 − α). Thus, the set of stationary point along the

direction t

Ht = {t|0 ∈ ∂tρα(x, t) + z, z ∈ C(x, t)}

contains a single element: t∗x(α) (provided that the bounds on t are chosen sufficiently large). So,

the iterates tk1 and tk2 both converge to the same limit point t∗x(α) and by definition tk =
tk1+tk2

2 also

converges to this point. The fact that ∇xρα(x, t) is continuous allows to complete the proof.

Remark 1. Note that the algorithm converges only to stationary points of the function ρα which may

contain also saddle points or local maxima of the function. This may be particularly problematic in a

context of minimization. In practice, as it has been discussed in Section 5.8 of [15], the local maxima

and saddles points are often unstable and thus are not the limit points of the iterates. Intuitively,

when the iterates converge to a non stable point, the noise is going to perturb the iterates which end

by being attracted by a path leading to more stable point. However formally and without additional

information on the noise, it is hard to avoid the convergence of the iterates to a non stable point.

Readers are referred to Section 5.8 of [15] for the details.

5 Numerical experiments

In Section 5.1, data profiles [22] are adapted in the case of risk-adverse optimization. In Section 5.2,

the algorithms and the test functions used for the comparison are presented. In Section 5.3, the results

of this comparison are described and analysed.

5.1 Data profiles for risk-adverse optimization

Data profiles allow to assess if algorithms are successful in generating solution values close to the best

objective function values. To identify a successful run, a convergence test is required. In a deterministic

case, this test is based on the best function value found by the algorithm. However, when the function

is stochastic, the best function values is unsuitable. In [9], the profiles are drawn from combinations
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of the mean and standard deviation of the stochastic objective function. The main drawback of this

method is that it has no clear mathematical meaning. In this work, the mean and quantiles of the

function under uncertainties are used for the convergence test. That allows to draw different graphs

following the desired degree of robustness. For the mean, let µe be the best mean obtained by one

algorithm on one problem after e evaluations, µ0 be the mean of the function at the starting point and

µ∗ the best mean obtained by all tested algorithms on all run instances of that problem. Then, the

problem is said to be solved in term of mean within the convergence tolerance τ when

µ0 − µe ≥ (1− τ)(µ0 − µ∗).

For the quantiles, let α be the desired degree of robustness and denote xe the best iterates in term

of quantile obtained by one algorithm on one problem after e evaluations, t∗x0(α) the quantile of the

function at the starting point t∗x∗(α) the quantile at the best solution obtained by all tested algorithms

on all run instances of that problem. Then, the problem is said to be solved in terms of quantile of

degree α within the convergence tolerance τ when

t∗x0(α)− t∗xe(α) ≥ (1− τ)(t∗x0(α)− t∗x∗(α)).

An instance of a problem corresponds to a particular pseudo-random generator seeds. As the mean and

the quantile of a function may be just an estimation, the number of samples used for the estimation

must be adjusted to the desired convergence tolerance. In this work, we used 1000 independent

identically distributed samples of ξ to estimate the mean and the quantile. Therefore, the convergence

tolerance used are all greater than 0.01. Finally, the horizontal axis of a data profile represents groups

of n+ 1 evaluations. The vertical axis corresponds to the proportion of problems solved within a given

tolerance τ . Each algorithm has its curve to allow comparison of algorithms capability to converge to

the best mean or quantile.

5.2 Algorithms and test problems used for the experiments

In order to underline the adaptability of the ROSA algorithm, two algorithms were chosen whose the

treatment of uncertainties is opposite: the Robust-MADS algorithm [3] and the ROBOBOA algo-

rithm [19]. Despite its name, Robust-MADS is a risk-neutral algorithm. To avoid ambiguity, we called

it R-MADS in the following. Its goal is to optimize the convolution product between the uncertain

objective function and a Gaussian kernel. When the decision variables are perturbed by Gaussian

noised that amounts to look for the minimum of the expectation of the objective function (as it is seen

in Proposition 2), i.e. solve Problem (1) with the setting described in the first example. The com-

putational tests are conducted using version 3.9.1 of the NOMAD [17] software package. Conversely,

ROBOBOA is a worst-case deterministic algorithm. Its goal is to optimize the maximum value of

the objective function in the uncertainty set, i.e, solve Problem (1) with the setting described in the

second example. It is based on the method of inexact method of outer approximations whose the

principle is to solve alternatively an unconstrained minimization problem on the decision variables and

a constrained maximization problem. The authors extend this method to derivative-free optimization

and use manifold sampling to save computational burden of function evaluations. The computational

tests are conducted using a personal implementation and with the advice of an author of ROBOBOA.

In order to draw a comparison between the three algorithms, 20 tests problems from the literature

are used. These tests problems may be grouped into 7 classes of problems. Each problem is composed

of an objective function and an distribution of the uncertainties. As the ROBOBOA is a deterministic

algorithm, bounded distributions have been chosen in a way that the bounds of the distribution are

the bounds of the uncertainty set for ROBOBOA. The vector ξx and ξp are composed of independent

identically distributed variables except for the stochastic Rastrigin function where ξx has dependent

random variables in one of the problems. Here are the characteristics and the origin of the different

test problems:



Les Cahiers du GERAD G–2022–04 16

Stochastic Rosenbrock problem [1]

f1(x + ξ, ξp) =

n−1∑
i=1

(
10(xi + ξxi+1

− (xi + ξxi)
2) + ξ1

pi

)2

+
(

(1− (xi + ξxi)) + ξ2
pi

)2

.

Piecewise Continuous problem [20]

f2(x + ξ, ξp) = 1−
2∏
i=1

1{xi+ξxi≥0} +
1

100

2∑
i=1

(xi + ξxi)
2

with 1{·} the indicator function.

Bertsimas problem [5]

f3(x + ξ, ξp) = 2(x1 + ξx1
)2 + · · · − 4.1(x1 + ξx1

)(x2 + ξx2
).

Generator I problem [21]

f4(x + ξ, ξp) = 1− 3

2
√

2π
e−2

∑2
i=1(xi+ξxi−1.5)2 − 2√

2π
e−50

∑2
i=1(xi+ξxi−0.5)2 .

Stochastic Powell problem [37]

f5(x + ξ, ξp) =

n/4∑
i=1

(
(x4i−3 + ξx4i−3

+ 10(x4i−2 + ξx4i−2
))2 + 5(x4i−1 + ξx4i−1

− (x4i + ξx4i
)2

+ (x4i−2 + ξx4i−2
− 2(x4i−1 + ξx4i−1

))4 + 10(x4i−3 + ξx4i−3
− (x4i + ξx4i

)4
)

+ ξp

√√√√1 + 100

n∑
i=1

(xi − 1)2.

Stochastic Levy problem [37]

f6(x + ξ, ξp) = sin2(πw1) +

n−1∑
i=1

(wi − 1)2[1 + 10 sin2(πwi + 1)]

+ (wn − 1)2(1 + sin2(2πwn)) + ξp

√√√√1 + 10

n∑
i=1

(xi − 2)2

with:

wi = 1 +
xi + ξxi − 1

4
.

Stochastic Rastrigin problem [37]

f7(x + ξ, ξp) =10n+

n∑
i=1

[(xi + ξxi)
2 − 10 cos(2π(xi + ξxi))]

+ ξp

√√√√1 + 100

n∑
i=1

(xi − 1)2.

In Table 1, U is the uniform distribution, N trunc(0, 1, [−3, 3]) the truncated Gaussian distri-

bution, Udisk(0.5) the uniform distribution on a disk of radius 0.5, β(2, 2) the beta distribution,

Kuma(2, 5, [−3, 3]) the Kumaraswamy distribution scaled on [−3, 3] and FL(0.5, 1, 0) the Fatigue Life

or Birnbaum-Sanders distribution.
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Table 1: Problem parameters

n x0 Bounds ξx ξp card(ξp)

f1 {2, 10, 50, 100} [−1.2, 1]n/2 [−1.5, 1.5]n U([−0.25, 0.25]) U([−3, 3]) 2n− 2

f2 {2} [−7.5,−8.5] [−10, 10]2 N trunc(0, 1, [−3, 3]) 0 0

f3 {2} [2.0, 2.0]

[
−1.2 3.2
−0.5 4.5

]
Udisk(0.5) 0 0

f4 {2} [0.8, 0.8] [0, 2]2 U([−0.3, 0.3]) 0 0

f5 {4, 12, 20, 40} [3.25, 4.6]n/2 [−4, 5]n β(2, 2) U([−4, 4]) 1

f6 {2, 10, 20, 50} [−7.2, 9.6]n/2 [−10, 10]n Kuma(2, 5, [−3, 3]) U([−3, 3]) 1

fa7 {2} [−4.6,−3.36] [−5.12, 5.12]2
ξx1 ∼ U [−0.5, 0.5] U([−3, 3]) 1
ξx2 ∼ U [ξx1 , 1]

fb7 {2, 10, 20, 50} [−4.6,−3.36]n/2 [−5.12, 5.12]n FL(0.5, 1, 0) U([−3, 3]) 1

To the best of our knowledge, there are no comparisons between different algorithms in the risk-

adverse optimization. As far as test problems are concerned, there are few that can be considered

as references because they are not used in different papers. This selection of test problems from the

literature fills this gap by creating a benchmark of test problems. It allows to test the algorithms on

the key aspects of risk-adverse optimization in an engineering context. In particular, this selection has

the following appealing properties:

• None of the functions used in the test problems has any particular mathematical structure. None

of them is convex. The function Piecewise Continuous is not differentiable everywhere. Some

functions also have the property of not having the same robust global minimum according to

the desired degree of robustness. This means that the minimum found will be different if the

optimization is in expectation or in the worst case. It is the case for example of the Bertsimas

function or the Generator I function. Finally, the sizes of the test problems vary from small to

large.

• Also, the uncertainty sets are diverse. In a deterministic setting, this means that the dimension of

the uncertainty sets vary and that they are not only hyperrectangles. In a stochastic setting, this

means that the distributions of uncertainties may be symmetric or not and may have dependency

or not. The parameter uncertainties may also depend of x.

5.3 Results

The data profiles have been computed using the previous benchmark. For each value of τ , the data

profiles are plotted in terms of expectation, quantile of degree α = 0.1 and quantile of degree α = 0.01.

In order to better illustrate the results according to the dimension of the problem, the benchmark of

test problems have been divided into two groups: one with problem size inferior to 10 and another

one with problem size strictly superior to 10. Each problem is run with ten different random seed to

mitigate the randomness.

Results on test problems with dimension n ≤ 10 are presented in Figure 2. The results for τ = 0.1

are presented on the Figures 2a, 2c and 2e. In Figure 2a, i.e., for the optimization of the functions in

expectation, the three algorithms have a similar efficiency with few evaluations. When a larger budget

of evaluations is available, the ROSA algorithm solves the most problems, followed by ROBOBOA

and finally by R-MADS. That may be counter intuitive since R-MADS is an algorithm designed

for expectation minimization, but that seems due to the relatively large value of τ . In the case of

optimization of quantile (Figures 2c and 2e), the same hierarchy between the three algorithms may be

observed when a large number of evaluations is available. However, with few evaluations, it is worth

to notice that R-MADS and ROBOBOA are more efficient than ROSA. The results for τ = 0.01 are
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(c) Quantile measure with α = 0.1
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(d) Quantile measure with α = 0.1
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(e) Quantile measure with α = 0.01
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(f) Quantile measure with α = 0.01

Figure 2: Results on test problems with n ≤ 10 for τ = 0.1 (left) and τ = 0.01 (right)

presented on Figures 2b, 2d and 2f. First, the performance of R-MADS comparatively decreases when

the degree of robustness increases and the contrary is observed for the ROBOBOA algorithm. This is

consistent with what they were designed for. The ROSA algorithm remains the least efficient algorithm

with few function evaluations but still has the highest percentage of problems solved, excepted for the

highest degree of robustness where it is ROBOBOA.

Results on test problems with dimension n > 10 are presented in Figure 3. The results for τ = 0.1

are presented on the Figures 3a, 3c and 3e. As on the smaller test problems, the ROSA algorithm

has the best percentage of problems solved for all degrees of robustness, the difference is that here, it

has the same efficiency than the two others algorithms with few function evaluations. Here again, the
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(c) Quantile measure with α = 0.1
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(d) Quantile measure with α = 0.1
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(e) Quantile measure with α = 0.01
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(f) Quantile measure with α = 0.01

Figure 3: Results on test problems with n > 10 for τ = 0.1 (left) and τ = 0.01 (right)

hierarchy between MADS and ROBOBOA is reversed when the degree of robustness becomes greater.

The results for τ = 0.01 are presented on the Figures 3b, 3d and 3f. In these results, ROSA clearly

outperforms the two other algorithms. The well behavior of ROSA algorithm in larger dimensions may

be explained by the fact that the number of function evaluations by iteration does not depend on the

dimension of the problem to solve. On the contrary, R-MADS is a direct search algorithm, therefore

the number of function evaluations by iteration increases with the dimension. The same happens for

ROBOBOA which is a trust region algorithm whose the models use more points depending on the

dimension.
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In summary, on low dimensions test problems the ROSA algorithm is competitive whatever the

degree of robustness. However, it is less efficient than specific algorithms with few functions evaluations.

On high dimensions test problems, the ROSA algorithm outperforms the other algorithm whatever

the degree of robustness thanks to the remarkable feature of SF scheme on which it is based and

the fact that none quantile needs to be estimated during the process. The last point explains the

large difference in term of function evaluations between ROSA and the algorithm developed in [37]

while both are based on stochastic approximation scheme. This shows its adaptability on various test

problems and with various degree of robustness.

6 Concluding remarks

This paper introduces a way for risk-adverse optimization under stochastic uncertainties in an engi-

neering context where function evaluations are time consuming. This is achieved by using the CVaRα

risk measure. This measure has three main advantages. First, the α parameter of the CVaRα measure

allow to choose the desired degree of robustness, i.e to choose from risk free to worst-case optimiza-

tion. Second, by adding an extra variable the CVaRα optimization does not require any evaluations

of quantile. Third, when the distribution of the uncertain decision variables are known, the measure

allows to smooth the problem under mild conditions on the original objective function.

From these two features, the ROSA algorithm was developed. This algorithm is based on stochastic

approximation schemes: the smoothed functional scheme and the subgradient approximation scheme.

As a result, this algorithm inherits the appealing property of using only two function evaluations by

iteration to estimate the gradient regardless of the problem dimension. A convergence proof to a

minimum of CVaRα of the objective function is also provided. This proof is based on martingale

theory and needs only that the objective function be bounded and measurable on a compact.

Finally, a test problem benchmark collection is proposed. This set groups problems of different

nature and allow to test algorithms on many situations that may arise in practice. The algorithm

is compared with two derivative free algorithm: the first one is a risk-neutral optimization algorithm

and the second one is a worst-case optimization algorithm. Thanks to the α parameter, the ROSA

algorithm is competitive with the both algorithms in dimensions inferior to 10 and outperforms them

in the other cases.

Further work will be devoted to extend this approach to chance-constrained risk averse optimization,

commonly called reliability-based design optimization.
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