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recherche du Québec – Nature et technologies.
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Abstract : Column generation is an iterative method used to solve a variety of optimization problems.
It decomposes the problem into two parts: a master problem, and one or more pricing problems (PP).
The total computing time taken by the method is divided between these two parts. In routing or
scheduling applications, the problems are mostly defined on a network, and the PP is usually an NP-
hard shortest path problem with resource constraints. In this work, we propose a new heuristic pricing
algorithm based on machine learning. By taking advantage of the data collected during previous
executions, the objective is to reduce the size of the network and accelerate the PP, keeping only the
arcs that have a high chance to be part of the linear relaxation solution. The method has been applied
to two specific problems: the vehicle and crew scheduling problem in public transit and the vehicle
routing problem with time windows. Reductions in computational time of up to 40% can be obtained.

Keywords: Column generation, machine learning, arc selection, heuristic pricing, vehicle routing and
crew scheduling.
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1 Introduction

Column generation (CG, [8]) is an iterative method that splits the original problem into two parts. The

first part is a restricted master problem (RMP) that corresponds to the original linear problem (LP)

but restricted to a subset of variables, which is often solved using the Simplex method. The second

part is the subproblem, also called the pricing problem (PP). The role of the PP is to generate new

columns of negative reduced cost (in case of a minimization problem) that can improve the current

RMP solution. The method stops when no more columns can be generated. Otherwise, the new

columns are added to the RMP to start a new iteration. To obtain integer solutions, CG is often

embedded within a branch-and-bound process, where CG is used to solve the linear relaxation at each

node of the tree. In this case the method is referred to as branch-and-price, see [3, 8].

Column generation has been successfully used to solve a variety of optimization problems, notably

crew scheduling and vehicle routing problems arising in freight, urban and airline tranportation. For

most of these problems, the master problem corresponds to a set partitioning problem with side

constraints, and the PP is most likely a shortest path problem with resource constraints (SPPRC)

or one of its variants. The success of using CG for this type of problems is also due to the efficient

methods for solving the SPPRC, which are mainly dynamic programming algorithms [10, 20]. The

goal is to find a path with the least cost between a source and a destination, while respecting the

constraints on the resources (i.e., time, load of a vehicle, break duration, ...). It is well known that the

SPPRC is NP-hard, but the methods developed to solve it are quite efficient (i.e., pseudopolynomial

time complexity), and have allowed to solve large instances in reasonable times. The algorithms based

on dynamic programming are also flexible enough to tackle different variants of the problems and take

into account complex constraints that influence the feasibility of a route or a schedule. An improvement

over the basic SPPRC algorithm is that of [25] who proposed a bi-directional search that propagates

labels in both directions at the same time, i.e., from the source node to the destination, and backward

from the destination to the source. Forward and backward labels residing in the same intermediate

node are possibly merged to form complete feasible paths.

The standard SPPRC often arises in problems that are defined on acyclic time-space networks,

among others, in vehicle and crew scheduling problems [7, 17] and rostering problems [15]. Another

well-known variant that is more difficult to solve is the elementary SPPRC (ESPPRC) occuring in

vehicle routing problems (VRP) [5, 6, 12]. The use of an exact method to solve the ESPPRC is

known to yield a tight lower bound, but given the difficulty of the problem, other alternatives based on

relaxations and heuristics have been explored; see for example: ng-routes [2], SPPRC-k-cyc [21] and

partial elementarity [9]. The goal of these later approaches is to find a trade-off between the quality of

the bound and the difficulty of solving the PP. Several SPPRC heuristics have also been proposed in

the literature. For instance, some authors relax the dominance rule applied when solving the problem

with a labeling algorithm by only dominating on a subset of the resources [9]. Another option is to

keep only a limited number of labels at each node [14]. Other proposed strategies are based on reducing

the size of the network: one consists of sorting the incoming and outgoing arcs of each node by their

reduced cost [9], where only a subset of the arcs with the least costs are retained. In [14], the authors

use an extension of Kruskal’s algorithm to build disjoint spanning trees from the network, and then,

they consider only the arcs used on those trees in addition to the depot outgoing and incoming arcs.

All of the above strategies can be used in the same execution and some can even be combined and

used simultaneously. In most cases, an exact algorithm is invoked at the last iteration to prove the

solution optimality.

Combining machine learning methods with operations research and combinatorial optimization

algorithms [4] has been the subject of many studies over the last few years. These studies generally

fall into two categories. The first category is based on what is called imitation learning, where the

learner tries to imitate an expert in order to get a fast prediction to make decisions that are otherwise

computationally expensive. In this category one seeks to reproduce decisions that are as close as

possible to those of the expert. The presence of data from previous executions of the expert is therefore
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necessary. The second category is reinforcement learning, also called learning by experience as the name

indicates, where the learner (i.e., agent) interacts with the environment and tries to optimize the results

(i.e., maximize the rewards) of the decisions (i.e., actions) it makes. In this context, the agent learns

by trial and error while optimizing its reward function. After a number of iterations (i.e., epochs), a

policy is learned telling the agent what is the best decision to make in each situation (i.e., state). The

approach described in this article falls in the first category, that is learning by imitation and is thus

based on supervised learning.

Several papers have covered the branch-and-bound method in mixed integer programming context,

many of which seek to imitate strong branching which is known to be computationally heavy but very

effective, such as the works of [1, 16, 22]. Several other methods exist and are covered in the survey

of [23]. For a more general overview of ML methods that have been developed and used in the context

of combinatorial optimization (CO), readers are invited to check the survey of [4]. This survey covers

various machine learning methods and describes how they can be integrated to help solve CO problems.

In the context of CG and branch-and-price, there are some very interesting papers worth mentioning.

The authors in [26] proposed a regression model for estimating an upper bound on the optimal value of

the PP, which is then used to speed up the PP solution process. At each iteration of the CG, features

based on the dual values are fed to the model. The learning is done in a so-called “online” way (i.e.,

the learning is performed at the same time as the optimization), the loss function used during training

penalizes the model according to the difference between the predicted bound and the true bound value

(a high penalty is applied when the value of the bound is underestimated) and a discount factor is also

used to give more importance to the last iterations. Also in the CG context, this time on the master

problem side, a recent paper by [24] presents a learned column selector that selects, from a large set

of generated columns, the columns to be added to the RMP at each CG iteration. The goal is to

add the most promising columns that have a high probability of improving the current solution. The

model used is based on graph neural networks, i.e., neural networks applied to graph-structured data.

The problem is represented in a bipartite graph to model the variable-constraint relations. Differently

from the current paper, the strategy in [24] is designed for problems that take a larger portion of the

computing time in solving the RMP.

As previously mentioned, CG can be applied to several optimization problems, so both RMP and

PP can be different depending on the application at hand. In this article, the focus is more on crew

scheduling and vehicle routing problems, where in most cases, the PP is a shortest path problem with

resource constraints or one of its variants, and it is most likely the part that consumes the largest

portion of the computing time. The purpose of this paper is to propose a heuristic pricing algorithm

based on machine learning. The method takes advantage of the data collected from previous executions

in order to learn a classifier that will select the arcs that have a greater chance to be used or to be part

of an optimal solution. A good reduction of the network size decreases the computing time of the PP

without increasing significantly the number of iterations, and thus reducing the overall total time. To

ensure the exactness of the overall algorithm, the complete network is used when the reduced network

fails to generate new columns.

For our tests, we chose to use two well-known problems in the literature: the vehicle and crew

scheduling problem (VCSP) and the vehicle routing problem with time windows (VRPTW). Each of

these two problems have a different network structure (i.e., different type of nodes and arcs, etc), but

nothing prevents from restricting the selection strategy to a specific type of arcs, making the methods

described here general enough to be applied to various problems.

The remainder of the paper is organized as follows. Section 2 is devoted to some preliminaries and

details about CG and the dynamic programming method used to solve the SPPRC. In Section 3, we

describe the proposed selection strategy. Sections 4 and 5 will cover our two case studies, the VCSP

and VRPTW respectively, highlighting the implementation differences between the two problems and

reporting the computational results for each of them. Finally, we draw some conclusions in Section 6.



Les Cahiers du GERAD G–2021–72 3

2 Preliminaries

In the CG context, and by focusing on the linear relaxation of the problem, let us consider the following

master problem (MP) formulated as follows:

z∗MP := min
x

∑
p∈Ω

cpxp (1)

s.t.
∑
p∈Ω

apxp = b, (2)

xp ≥ 0, ∀p ∈ Ω, (3)

where Ω represents the set of variable indices (e.g., feasible routes or schedules), cp ∈ R the variable

cost, ap ∈ Rm the constraints coefficients and b ∈ Rm the constraints right-hand side vector. When

|Ω| is large and the variables cannot be enumerated explicitly, we consider only a subset F ⊆ Ω of the

variables, obtaining a restricted version of the problem above called a restricted master problem, RMP.

At each CG iteration, the RMP is optimized, and an optimal solution x is obtained along with a dual

solution π ∈ Rm associated with the constraints (2). The dual values π are then used to define the PP

minp∈Ω {cp−πTap} and find new columns with negative reduced cost by solving it. The method stops

when no such columns exist. In our applications, the variables represent either routes or schedules,

and they can be generated by solving one or more PP (in our case a SPPRC or an ESPPRC).

2.1 SPPRC formulation

Let G = (V,A) be a directed graph with a set of nodes V that include the source and destination

nodes denoted by s and t respectively, and A the set of arcs. Let R be the set of resources. For each

node i ∈ V , we define T r
i as the value of resource r ∈ R accumulated on a partial path from source

node s to node i, and resource windows [wr
i , w̄

r
i ], wr

i , w̄
r
i ∈ R restricting the values that resource r ∈ R

can take on node i. For each arc (i, j) ∈ A, we define the resource consumptions trij ∈ R, r ∈ R and the

cost cij . Let Xij be the decision variables of the model, which represent the flow on the arcs (i, j) ∈ A.

The SPPRC is then formulated as follows:

min
∑

(i,j)∈A

cijXij (4)

s.t.
∑
j∈V

Xij −
∑
j∈V

Xji =


+1 if i = s

0 if i ∈ V \{s, t}
−1 if i = t

(5)

Xij(T
r
i + trij − T r

j ) ≤ 0, ∀r ∈ R,∀(i, j) ∈ A, (6)

wr
i ≤ T r

i ≤ w̄r
i , ∀r ∈ R,∀i ∈ V, (7)

Xij ∈ {0, 1}, ∀(i, j) ∈ A, (8)

where the objective (4) minimizes the total cost of the path, the constraints (5) ensure the flow

conservation along the path, while the constraints (6) model the resource consumption for each resource

r ∈ R on arc (i, j) ∈ A. Constraints (7) make sure that the resource values accumulated respect the

resource intervals at each node and constraints (8) are the binary requirements on the flow variables

Xij . Note that there are more complex SPPRC than those expressed by (4)–(8), i.e., using complex

resource extension functions that, given the resource values T r
i at node i, provide a lower bound on

the resource values at node j.

As mentioned above, at each CG iteration, the dual values are used find new columns to add in the

RMP. This dual information is included in the SPPRC by using a modified cost c̄ij = cij−
∑m

k=1 ρ
k
ijπk

on each arc (i, j) ∈ A, where ρkij is a binary parameter, taking value 1 if the arc (i, j) ∈ A contributes
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to the master problem constraint k, 0 otherwise. The cost of a path p ∈ Ω can be written in terms of

the individual arcs:

cp =
∑

(i,j)∈A

cijb
p
ij , (9)

where bpij is a binary parameter equal to 1 if the arc (i, j) ∈ A is included in path p. The constraints

coefficients akp, k = {1, 2, . . . ,m}, where ap = [a1
p, a

2
p, . . . , a

m
p ]T can also be written as

akp =
∑

(i,j)∈A

ρkijb
p
ij . (10)

The reduced cost cp of a variable/path can then be defined as the sum of the modified costs of the

arcs composing the path, namely

c̄p = cp − πTap = cp −
m∑

k=1

πka
k
p =

∑
(i,j)∈A

bpij(cij −
m∑

k=1

ρkijπk) =
∑

(i,j)∈A

bpij c̄ij . (11)

Therefore, solving the program (4)–(8) using the modified costs in (4) yields a column with the

least reduced cost. However, by solving the program using the dynamic programming formulation, it

is possible to obtain several paths at once, which is another strong point for using these methods, as

it has proven to speed up the resolution and minimize the number of iterations performed.

2.2 Labeling algorithm

In dynamic programming, shortest path problems are solved by a labeling algorithm. Such an algorithm

starts from the trivial path that contains only the source node s, then extends it recursively along all

arcs that yields a feasible path until reaching the destination node t. A path P = (v0, v1, . . . , vp) in

G represents a sequence of visited nodes such that (vi−1, vi) ∈ A, vi ∈ V,∀i = 1, 2, . . . , p where vp is

the last node of the partial path and v0 = s. In the algorithm, a label L encodes information about

a partial path P such as the reduced cost c̄(L), the set of nodes V (L) visited by the path, the last

node visited by the path v(L) and the accumulated quantity T r(L) of each resource r ∈ R. For a

label L ending at node vi(vi 6= t), a new label L′ is obtained when an extension is performed along an

arc (i, j) ∈ A, such that

v(L′) =j, (12)

V (L′) =V (L) ∪ {j}, (13)

c̄(L′) =c̄(L) + c̄ij , (14)

T r(L′) = max{wr
j , T

r(L) + trij}, ∀r ∈ R. (15)

The label L′ also keeps a reference to its predecessor label L, in order to build the complete path

when the algorithm ends. The label is considered infeasible if T r(L′) > w̄r
j and is therefore deleted.

In addition, to the infeasible labels that get rejected when extending the labels, a dominance rule can

be applied to eliminate non-promising paths. A label L1 is said to be dominating a label L2 if the

following conditions are verified:

v(L1) =v(L2), (16)

V (L2) ⊆V (L1), (17)

c̄(L1) ≤c̄(L2), (18)

T r(L1) ≤T r(L2), ∀r ∈ R (19)

The performance of the labeling algorithm is closely linked to the choice of the dominance rule, a good

choice of the latter allows to reduce the search space and to eliminate a maximum of labels, allowing to
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accelerate the resolution. Note that the validity of a dominance rule depends closely on the variant of

the SPPRC being solved, as well as the resource consumptions on the arcs. For simplicity, some details

have been omitted, such as resource extension functions (REFs, [19]), which are considered being a

more general way to define the resource arc consumptions, and extensions of the basic algorithm for

the ESPPRC case to deal with cycle elimination. Readers are referred to [20] for a good overview over

the details omitted here.

At the end of the algorithm, several labels are obtained at the destination node t. The labels with

a non-negative reduced cost are discarded, and those with a negative reduced cost are kept to build

the new columns to be added in the RMP. The different steps discussed in this section are summarized

in Figure 1.

Newly added columns

Initial label

Final labels

Restricted Master Problem

(2) Price network (i.e.,  update) and
propagate labels

(1) (Re)optimize
RMP and

obtain dual values 

(3) Build new
columns from labels

(4) Add new
columns in RMP

Figure 1: Summary of the different steps of a CG iteration.

3 Methodology

The goal of the project is to reduce the size of the underlying SPPRC network by keeping only the

most promising arcs, therefore obtaining a reduced network. At each iteration, the same reduced

network is used as long as it generates a satisfactory number of new negative reduced cost columns.

The arc selection is thus performed only once before starting to solve the problem. In machine learning

terms, this is a classification problem (i.e., supervised machine learning) and requires a labeled dataset

D = {(x1, y1), (x2, y2), . . . , (xn, yn)}, where n = |D| and each entry is a tuple that represents an

input/output pair, the inputs xi are called features and yi are the desired outputs, also called labels

(not the same notion of “label” as in a labeling algorithm) given by an expert or known in advance.

Given the dataset, the learning algorithm learns to predict the outputs yi from the feature vectors

xi. In our case, it is a binary classification problem (i.e., yi ∈ {0, 1}), so each arc is either selected or

not. During the training phase, the algorithm tries to minimize the difference between the true known

values yi and the values predicted by the model denoted by ŷi. However, the goal is to be able to

generalize and give good predictions for inputs never encountered during training, so a portion of the

dataset is reserved for testing, in order to evaluate more accurately the performance of the model.

3.1 Features

The extracted features represent the characteristics of each individual arc (i, j) ∈ A. They can be

different depending on the problem in hand and the structure of the underlying network. For the

VCSP and VRPTW considered in this paper, some of the features are similar, namely:

• Cost of the arc cij
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• For each resource r ∈ R, the resource consumption T r
ij along the arc (i, j)

• Number of arcs leaving node i

• Number of arcs entering node j

• For each resource r ∈ R, the minimum, maximum and average resource consumptions along the

arcs leaving node i

• For each resource r ∈ R, the minimum, maximum and average resource consumptions along the

arcs entering node j

• For each resource r ∈ R, the upper and lower resource bounds for nodes i and j.

The other features specific to each problem will be described in their dedicated sections.

3.2 Labels

In supervised learning, the labels are either known in advance or assigned by an expert. In our case,

we have to define what are the promising arcs to keep. The algorithm followed to assign the labels is

in most cases computationally expensive, so we try to collect as much data as possible, then train a

machine learning model that gives predictions in a reasonably fast computing time. Let Ci be the set

of columns generated at iteration i, and Ac the set of arcs visited by the path represented by column

c ∈ Ci. A promising arc is an arc that has been used at least once to generate columns at any iteration.

The idea is that the generated columns must have dominated many other columns during the resolution

of the PP and are therefore all good candidates, and so are the arcs composing their paths. According

to the tests on the VCSP and VRPTW instances, the percentage of arcs used at least once during

the resolution of the linear relaxation by CG does not exceed 18%, and this number decreases when

moving to larger instances. Another idea is to consider only the positive basic columns (i.e., columns

in the optimal basis of an RMP with a positive value), which results on a larger reduction of the graph,

but according to the results, the number of iterations slightly increases compared to considering all the

generated columns and the gain is therefore lost. Figure 2 shows a visual comparison of the number

of arcs for a VRPTW instance, considering different scenarios: (a) all arcs, (b) arcs in the generated

columns, (c) arcs in an RMP solution, and (d) arcs in the linear relaxation solution. The figure also

specifies for each scenario the percentage of arcs selected with respect to the complete arc set.

Figure 2: Number of arc comparisons across different scenarios

3.3 Data collection

Now that we have defined the arcs to be selected and the features, we can proceed and put all the

pieces together to define our algorithm for data collection described in Algorithm 1.

The steps of the algorithm are fairly straightforward. First, we start with an empty dataset in

Step (1) and we initialize all arc labels with the value 0 in Steps (2)–(4). In (5) an initial solution is

obtained, either by using a heuristic or a two-phase simplex algorithm. Then, at each CG iteration,

the RMP is reoptimized and the PP is solved, generating a new set of negative reduced cost columns



Les Cahiers du GERAD G–2021–72 7

Algorithm 1 Data collection : features and labels extraction

1: D = Ø
2: for each a ∈ A do
3: ya = 0
4: end for
5: π ←− initialRMPSolution()

6: for each CG iteration i do
7: priceNetwork(G,π)
8: Ci ←− generateColumns(G)

9: if Ci == Ø then
10: break

11: end if
12: for each c ∈ Ci do
13: for each a ∈ Ac do
14: ya = 1
15: end for
16: end for
17: addColumns(Ci)
18: π ←− reoptimizeRMP()

19: end for
20: for each a ∈ A do
21: xa ←− extractData(a)
22: D ←− D ∪ {(xa, ya)}
23: end for

Initialization

Label assignement
to “promising” arcs

Data collection

Solution is optimal

Ci (Steps (7)–(8)). In case the PP defined over the full network G fails to generate any column, the CG

process stops and the current solution is optimal (Steps (9)–(11)). Otherwise, for each newly generated

column c ∈ Ci, the label ya = 1 is assigned to each arc a ∈ Ac composing the path represented by the

column c (Steps (12)–(16)) and the generated columns are added to the RMP which is repotimized

(Steps (17)–(18)). Finally, when the CG process ends, for each arc a ∈ A the pair of features xa and

labels ya are collected and added to the dataset D (Steps (20)–(23)). Note that it is necessary to solve

several instances of the problem to optimality to collect enough data. The features can be extracted

before solving the problem but for the labels it is necessary to wait until the end of the optimization.

3.4 ML pricing algorithm

Once the data is available, the preprocessing phase is performed (i.e., normalization of the values and

the encoding of categorical features) before starting the training. Various classification algorithms

can be used in our case: more details about the training phase and its results are provided in the

next sections. Once the training phase is completed, the learned model can be used to select the arcs

and build the reduced network. Before starting the first CG iteration, the learned model takes the

features as an input and gives predictions ŷa for each arc a ∈ A. The reduced network is defined as

Gr = (V,Ar) where Ar = {a ∈ A | ŷa = 1} and it is used to generate columns as long as it yields a

satisfactory number of columns, i.e., a number higher than a parameter value ηmin. When the reduced

network fails to generate enough columns, the complete network is used instead. If the latter generates

a number of columns higher than a parameter value ηmax, we switch back to the reduced network until

we reach an optimal solution. Algorithm 2 details how the ML model is used in practice.

The algorithm starts by extracting the features of the arcs and getting the model predictions

(Steps (1)–(4)). The predictions ŷa are then used to build the reduced graph Gr that is set as the active

graph to be used when solving the PP (Steps (5)–(8)). Note that the active graph Gactive can either

be the original complete graph G or the reduced one Gr. The boolean variable useReducedG is also

initialized to True, indicating that the reduced graph is being used (e.g., equivalent to Gactive == Gr).

In Step (9), an initial solution to the RMP is obtained along with dual values π. At each CG iteration,

the currently active network is priced and a new set of columns Ci is generated (Steps (11) and (12)).

If the columns were generated by the reduced network and the number of columns |Ci| < ηmin, we

switch to using the full network by setting the variables Gactive to G and useReducedG to False
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Algorithm 2 Machine-learning-based pricing heuristic in CG

1: for each a ∈ A do
2: xa ←− extractFeatures(a)
3: ŷa ←−predict(xa)

4: end for
5: Ar := {a ∈ A | ŷa = 1}
6: Gr := (V,Ar)
7: Gactive ←− Gr

8: useReducedG ←− True

9: π ←− initialRMPSolution()

10: for each CG iteration i do
11: priceNetwork(Gactive,π)
12: Ci ←− generateColumns(Gactive)

13: if (|Ci| < ηmin ∧ useReducedG) then
14: useReducedG ←− False

15: Gactive ←− G
16: else if |Ci| ≥ ηmax ∧ (¬useReducedG) then
17: useReducedG ←− True

18: Gactive ←− Gr

19: else if Ci == Ø ∧ (¬useReducedG) then
20: Exit

21: end if
22: if |Ci| > 0 then
23: addColumns(Ci)
24: π ←− reoptimizeRMP()

25: end if
26: end for

Reduced network Gr

Network switch cases

Solution is optimal

(Steps (13)–(15)). On the contrary, if the full network was used and |Ci| ≥ ηmax, we switch back

to using the reduced network Gr and set usedReducedG to True (Steps (16)–(18)). By using the

two previous conditions, the algorithm switches between the two graphs until an optimal solution is

obtained. Normally, with the right choice of the two parameters ηmin and ηmax, at the last iterations

of the CG, the reduced network will not generate enough columns (i.e., less than ηmin) and so the

full network G will be used instead. Most likely, the full network will neither generate many columns

(i.e., less than ηmax), so the algorithm will not switch back to the reduced network and will keep using

the full network until it generates no more columns, indicating that the obtained solution is optimal

(Steps (19)–(21)). If columns were generated, they are added to the RMP which is reoptimized

afterwards (Steps (22)–(25)).

4 Application I: Vehicle and crew scheduling problem

In a public transit system, the planning process goes through several stages. The first step in the

process is to determine the bus lines, the stops on each line, and the frequency of the trips. Based

on these pieces of information, a timetable is created, describing the trips with their corresponding

starting and ending times and locations. The next two steps in the process are the construction of

vehicle routes and crew schedules, which means solving, respectively, the two scheduling problems: the

Vehicle scheduling problem and the Crew scheduling problem. Traditionally, these two problems are

solved in a sequential manner, where the vehicle routes are determined first before the crew schedules.

However, this approach is not guaranteed to provide the best solution, because in most cases driver

costs dominate the costs of vehicle use. A first formulation that integrates and considers the two

problems simultaneously was proposed by [13], giving rise to the VCSP. For solving the problem, the

authors described a column generation approach applied to a Lagrangian relaxation of the master

problem, since the problem contains a very large number of variables representing the feasible duties.

Most of the formulations proposed in the literature are set partitioning ones, where column generation

plays an important role to deal with the large number of variables and to generate schedules as needed.

Given the difficulty of the problem, several heuristics have been proposed in the literature as well. In
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this paper, we consider the formulation described in [17], where the RMP is the linear relaxation

of a set partitioning problem with side constraints and the PP is a SPPRC. The RMP formulation

contains only the crew schedule variables, but side constraints are added to the problem to ensure that

the vehicle schedules can be obtained afterwards in a polynomial time. In addition, the costs of the

vehicles are included in the objective function to ensure that an overall optimal solution is obtained.

4.1 Network structure

Since the SPPRC is the part of interest for our work, we will take a closer look at the network

structure of the problem before diving into the details about the data collection, the instances used

and the results obtained.

In this problem, a network is used to generate driver schedules and there is one network for each

schedule type (e.g, regular schedule with one meal break or straight without a meal break). Addi-

tionally, the arcs can be divided into two categories: 1) bus movement when the driver is driving or

attending a bus and 2) walking when the driver is moving on his/her own for repositioning purposes.

As mentioned before, each bus line is defined by three different trip nodes: departure node, arrival

node and intermediate nodes where an exchange of drivers can be performed. For each bus line, sev-

eral trips are planned during the day at different times, the exact time at which a bus should arrive

at each of the trip nodes is therefore known. To cover the trips, the buses leave the depot in the

direction of the trip departure nodes. Each bus can be used for multiple trips, and can be operated

by different drivers before returning to the depot at the end of the day. Since the same bus must

service the whole trip, a bus moving to the departure node of a trip must be retained until it arrives

at the destination node, at which point it can head to the start of the next trip. Therefore, no bus

movements leaving the departure or intermediate nodes to a different trip are allowed. In fact, the bus

movements represent less than 7% of the total number of arcs, while the majority of the remaining

93% are the walking movements of the drivers. Unlike the bus movements, the walking movements are

not as restricted because they can occur at the beginning, the end or the middle of the trips, as long

as they are feasible. Figure 3 is a simplified and non-detailed representation of the main components

found in a VCSP. In addition to the main components, the network can also include break nodes and

their corresponding arcs to model the breaks that drivers can take after a certain working time. Some

details are not involved in our selection strategy and therefore not detailed here, but the interested

readers can consult [17] for an in-depth overview.

For each trip

Bus movement

Walking movement

Source

Sink

Departure node

Intermediate node

Arrival node

Legend

Figure 3: A simplified version of the network components in the VCSP.

For us, the movements we are interested in are the walking movements of the drivers between trip

nodes, since they represent more than 90% of the total number of arcs. The selection strategy only

covers this subset of arcs, denoted as As ⊂ A and not all arcs in A. For a walking movement arc
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linking the trip nodes of two different trips T1 and T2, the classification model will try to predict

whether there is a high chance that a driver leaves his/her current trip T1 in the direction of trip T2.

The arcs entering and leaving the depot, as well as the bus movements entering and leaving the trip

nodes are not involved, in addition to any extra arcs for breaks, etc.

4.2 Data collection, features and labels

All the features mentioned in Section 3.1 are valid for the VCSP. For the resource consumptions on

the arcs, the two representing the working time and waiting time, are respectively extracted. The first

resource is the time taken to walk to the next trip node, while the second resource is the waiting time

required before actually starting the trip. Note that the waiting time is bounded and cannot exceed

the upper bound indicated by the resource windows. Given that the exact time at which the trip nodes

must be visited is known, the times associated with node i and j for each arc (i, j) ∈ As are added

to the list of features as well. The difference between j and i times is equal to the time required to

walk from i to j, plus the waiting time, but since there are more trips during peak hours, the time of

the day information can be useful. Another feature that can be added to the list is the arc type since

the arcs we are interested in can link three different types of nodes (i.e., departure, intermediate and

arrival nodes) yielding nine possible connection types. Therefore, with the additional features, a total

of 22 features is collected for each arc.

As described in Section 3.2, labels are assigned to the arcs that are part of the generated columns.

However, only the arcs representing the walking movements between the trip nodes are concerned.

4.3 VCSP instances

To collect enough data, an instance generator is used as in [17]. By taking a total number of trips as

an input, the generator splits this number over the different bus lines. The trips are then randomly

distributed over the time horizon, with more trips during peak hours. A total of 20 instances with

400 trips were used in the training phase, each instance added about 250,000 data points to the

dataset. Other new instances of different sizes (i.e., 300, 350, . . . , 600) are generated and used to test

the integration of the ML model in the CG algorithm. The instances of size other than 400 also serve

to evaluate the generalization of the model to unseen instances of different sizes.

4.4 Computational results

This section is divided into three parts. The first one is devoted to the machine learning phase,

where additional details about data collection, the algorithms used and the results obtained are given,

whereas the second part presents the results of the integration of the model in the CG algorithm. In

the third part, we highlight the results of some additional experiments that are worth mentioning. All

the experiments were performed on a Linux machine with an i7-8700 CPU @ 3.20GHz and 64GB of

RAM.

4.4.1 Machine learning

With the dataset in hand, some preprocessing is performed such as data normalization and one-hot

encoding of categorical features (i.e., arc type). The next step is to choose the appropriate classification

algorithm to use. There are several possibilities, from the simplest linear model (i.e., Logistic regres-

sion) to the more classic algorithms (SVM, Decision Trees, etc.) and more complex models (Artificial

Neural Networks, etc). To compare the models with each other, the main criteria is their accuracy

on the test set. However, when there is an imbalance between the output classes (i.e., in our case,

only about 15% of the data have label 1 and the remaining have label 0), it is better to consider other

metrics such as the true positive rate (TPR, also called the Recall), the true negative rate (TNR),
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precision, etc. These metrics provide an idea about the performance obtained for each individual class

allowing a better comparison between the different models.

Three different algorithms have been chosen for the training phase, starting with a linear classifier:

Logistic regression, then moving to two more advanced algorithms: Random Forest (RF) and Artificial

Neural Networks (ANN). Each of these algorithms requires hyperparameters to be tuned, a “cross

validation” approach is used to compare the different set of values. The best values obtained are

described in Table 1, while Table 2 shows the results of the three algorithms on the test set.

Table 1: Hyperparameters values used in the training phase.

Algorithm Hyperparameter Value

Logistic regression
C parameter 1
Solver lbfgs
Class weights Balanced

Random forest

Bootstrap True
Max depth 10
Max features 7
Min samples per leaf 50
Min samples per split 100
Number of trees 500
Class weights Balanced

Neural Network

Learning rate 10−3

Epochs 1000
Batch size 32
Loss function Binary cross entropy
Activation function ReLU
Architecture 32x32x32x1
Optimizer Adam
Class weights 7:1

Table 2: VCSP metrics of three different algorithms.

Algorithm Recall TNR Balanced accuracy

Logistic regression 64% 81% 72%
Random forest 76% 81% 78%
Neural network 78% 80% 79%

The Recall represents the percentage of arcs with label ya = 1 that are correctly classified, while the

TNR represents the accuracy of the opposite class (i.e., classification accuracy of the arcs with label

0). Ideally, a high percentage of both is sought. The last column represents the balanced accuracy

which is the average of the two previous columns. To deal with the unbalanced data, weights are used

during the optimization of the loss function. The goal is to give a higher penalty to the arcs with

label 1 that are misclassified since they are a minority in the dataset, hence the use of the “balanced”

setting in the class weights hyperparameter. One can imagine the dataset as a cloud of points, where

85% are red and 15% are green. With logistic regression, one tries to separate these two classes with

a linear separator, but since there are more red points than green, there is more chance to have a

large number of red points on one side of the separator and thus a high TNR. A high recall can also

be obtained if the two classes are easily separable, which does not seem to be the case according to

the results obtained (i.e., 64% Recall and 81% TNR). The model slightly underfits but overall, the

accuracy obtained is not far from the other two algorithms. On the other hand, the RF and ANN

models are able to reach a higher accuracy of 78-79%, with more balance between the Recall and the

TNR. The values obtained by the two algorithms are quite close to each other.
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4.4.2 CG with arc selection

After the training phase, both the RF and ANN models seem to be good candidates to be integrated

in the CG algorithm. Given their almost similar accuracy, one can expect them to give comparable

results. When testing the models on several groups of instances with different sizes, the RF model

performs better on some instances, but on others it is the ANN model that is better. However, because

the RF model is a few percents ahead on average, we retained this candidate for the subsequent tests.

As described in Algorithm 2, the model is used before the beginning of the CG process to build

the reduced network Gr. Different scenarios are compared to assess the efficiency of the arc selection,

namely:

Baseline-CG: This corresponds to the basic CG with no arc selection, i.e., network G is used in all

iterations.

ML-S: Arc selection is used and the CG alternates between the use of the reduced network Gr and

the full network G. The reduced network is built from the predictions obtained by the RF model.

The parameters used during the CG process are: ηmin = 30, ηmax = 100.

Random-S: This scenario corresponds to a completely random selection of the arcs in As, the number

of selected arcs is the same as with the model. This can be achieved by simply shuffling the values

obtained by the model.

Cost-S: For each trip node i, incoming arcs (n, i) ∈ As and outgoing arcs (i, n) ∈ As are sorted in

ascending order of their cost, and a subset of arcs with the lowest costs is selected. The total

number of selected arcs is approximately the same as with the model.

The results obtained by the four algorithms are reported in Table 3. The names of the instances

are written in the form “VCS Size Id”, where Size is the instance size, i.e., the number of trips, and Id

is the instance identifier. For each algorithm, we report the number of CG iterations required to reach

the linear relaxation solution, the computing time in seconds of: the PP, the RMP and in total. For

the algorithms involving an arc selection, an additional column shows the reduction of the computing

time gained in comparison with the “Baseline-CG” algorithm. Additionally, the number of iterations

performed using the full network G is indicated in parentheses. After each group of instances of the

same size, a line indicating the average values is added.

According to the results, if we start by comparing Baseline-CG and ML-S, we can observe a

reduction in computing time ranging from 23 to 27%, mostly on the PP side. One can also notice

that the highest reductions are obtained when the number of iterations is lower than the one with

Baseline-CG. On average, the number of iterations is very close or slightly higher. Therefore, the ML

selection allows a reduction of the size of the PP network without increasing considerably the number

of iterations. We can also notice that the performance of the model is maintained across all groups of

instances. Considering that the model has been trained only on 400-trip instances, this also shows the

ability of the model to generalize to different instance sizes.

For the random selection case (i.e., Random-S), from the negative gains obtained we can conclude

that this selection is not very promising. This is reflected by the number of iterations performed that

is higher than the one obtained using Baseline-CG, and also by the number of times the full network

was used if we compare it to ML-S. On the other hand, the results obtained by Cost-S show that a

selection based on the costs is more effective. One can consider that Cost-S is a selection based on a

single feature, which is the cost, while ML-S uses several features at the same time to decide whether

an arc is to be retained or not. The results lie between those of the two algorithms Random-S and

ML-S, i.e., it is better than a completely random selection but worse than the one with a learned

model. This is reflected by the total number of iterations, the number of times the full network G was

used and the reductions obtained.
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4.4.3 Additional experiments

This section is dedicated to some additional experiments that have been conducted. Even though they

did not give significantly better results, we think that they deserve to be highlighted here.

• The first idea has been previously mentioned, which consists of selecting only the arcs that are

part of the columns in the optimal basis of the solved RMPs. In the training phase, this strategy

gave slightly worse results, i.e., 75% accuracy, and when integrated in the CG algorithm, the

extra gain obtained by reducing further the network size is nullified by doing more iterations.

• Another idea is to assign weights to the arcs according to the number of times they have been

used in the generated columns. An accuracy of 78% is obtained in the training phase, distributed

as 86% recall and 70% TNR, but again, the results were not any better when integrated in CG.

• We made a small modification to the initial algorithm which consists of skipping the label as-

signment at the first n iterations, where n is a given parameter. The idea is that some arcs can

be interesting at the beginning of the optimization but never used at later iterations. Like the

other changes, the results obtained were not really compelling.

• In the same context of combining ML and CG, in our previous paper [24], we were interested

in reducing the computing time of the RMPs by selecting the most promising columns at each

iteration. Reductions in computation time of up to 30% were achievable. However, the developed

approach was more intended for problems that take the majority of the time in solving the RMPs

and not the PPs, e.g., the tests were performed on instances that take on average 75% or more

of the computing time in solving the RMPs. Nevertheless, it was interesting to check if column

selection can yield an additional gain when used with ML-S. The results comparing ML-S and

ML-S with column selection, i.e., ML-COL-S, are reported in Table 4.

From these results, we observe a small additional reduction in the average computing time per

instance group ranging from 5% to 14%.

5 Application II: Vehicle routing problem with time windows

The vehicle routing problem (VRP) is a well-known and classical problem that has been extensively

studied in the literature. Given a fleet of vehicles, the VRP consists of constructing routes to serve

geographically dispersed customers, while minimizing the travel costs and respecting the capacity of
the vehicles. Each route must start at the depot, visit a set of clients and then return to the depot

at the end of the tour. The variant with time windows (VRPTW) adds an additional complexity by

introducing a restriction on the times during which the clients can be visited. Each client must be

served during the associated time window by exactly one vehicle, and in case the vehicle arrives earlier,

it has the possibility to wait until the client is available.

The most efficient and recent methods to solve this problem are based on CG, embedded in a branch-

and-bound framework, with the addition of cuts to improve the bounds quality, giving rise to what is

called “branch-price-and-cut” algorithms. CG is used to solve the linear relaxation at each node of the

tree, where the master problem is most likely a set partitioning problem and the PP is an ESPPRC

solved using dynamic programming algorithms. The elementarity requirement of the PP makes the

problem much more difficult to solve than the standard SPPRC, especially for large instances where

several clients can be visited by one route. To overcome these difficulties, researchers have investigated

several relaxations (see [2, 21] and [9]), seeking a good trade-off between the quality of the bound

and the difficulty to solve the problem. Other studies have explored heuristic solutions [9, 14], such

as dominating on a subset of resources, limiting the number of labels kept at each node, or reducing

the number of arcs in the network based on their reduced cost. Note that many of these techniques

can be combined and used simultaneously, allowing a large reduction in computing time. For more

details on the exact methods for solving the VRP, the survey of [6] covers a wide range of methods
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Table 4: VCSP results with column selection.

Instance
ML-S ML-COL-S

Gain
#Itr

Time (s)
#Itr

Time (s)

PP RMP Total PP RMP Total

VCS 300 1 146 (12) 75 76 151 123 (10) 64 70 134 11%
VCS 300 2 158 (8) 106 91 197 140 (7) 103 78 181 8%
VCS 300 3 154 (14) 115 76 191 135 (10) 101 66 167 13%
VCS 300 4 185 (12) 166 81 247 161 (6) 128 67 195 21%
VCS 300 5 191 (27) 133 87 220 142 (9) 102 76 178 19%

Average 167 (14) 119 82 201 140 (8) 99 71 171 14%

VCS 350 1 143 (15) 112 129 241 126 (7) 106 125 231 4%
VCS 350 2 135 (9) 85 119 204 124 (9) 81 105 186 9%
VCS 350 3 170 (10) 141 167 308 163 (7) 139 156 295 4%
VCS 350 4 188 (7) 173 174 347 179 (9) 198 148 346 0%
VCS 350 5 234 (12) 272 183 455 187 (9) 234 155 389 15%

Average 174 (10) 157 154 311 155 (8) 151 137 289 6%

VCS 400 1 177 (10) 238 258 496 161 (7) 229 232 461 7%
VCS 400 2 189 (8) 255 258 513 175 (11) 255 228 483 6%
VCS 400 3 163 (9) 177 233 410 148 (7) 176 203 379 8%
VCS 400 4 147 (12) 126 190 316 122 (6) 108 166 274 13%
VCS 400 5 180 (12) 283 230 513 200 (7) 316 236 552 -8%

Average 171 (10) 216 234 450 161 (7) 216 213 429 5%

VCS 450 1 368 (14) 809 636 1445 319 (10) 723 513 1236 14%
VCS 450 2 241 (11) 797 486 1283 232 (6) 833 430 1263 2%
VCS 450 3 194 (10) 319 391 710 173 (9) 314 355 669 6%
VCS 450 4 234 (8) 312 440 752 190 (9) 280 349 629 16%
VCS 450 5 289 (21) 976 564 1540 263 (8) 918 489 1407 9%

Average 265 (12) 643 503 1146 235 (8) 613 427 1040 9%

VCS 500 1 304 (8) 1030 902 1932 292 (7) 986 888 1874 3%
VCS 500 2 270 (13) 846 576 1422 259 (8) 852 570 1422 0%
VCS 500 3 221 (10) 453 611 1064 177 (7) 416 550 966 9%
VCS 500 4 281 (8) 1235 749 1984 247 (6) 1134 670 1804 9%
VCS 500 5 340 (23) 1024 656 1680 299 (11) 916 604 1520 10%

Average 283 (12) 918 699 1616 254 (7) 860 656 1517 6%

and explores different variants of the problem. Similar to the recent formulations proposed in the

literature, the model used in this work is a set partitioning problem and the PP is a SPPRC with

2-cycle elimination [11] solved using a labeling algorithm.

In this section, we will first describe the network structure of the problem, before giving more details

about the the data collection and the instances used. Finally, we will discuss the results obtained.

5.1 Network structure

We consider the basic network structure of the VRPTW with a single depot, where only one type of

arcs exists, representing the possible vehicle movements between the depot and the clients and between

the clients. Therefore, all the arcs will be targeted by the selection strategy, with the exception of

the ones entering and leaving the depot. For other problem variants and depending on the network

structure, it would be possible to limit the selection to only a subset of arcs as we did for the VCSP.

5.2 Data collection, features and labels

In this section, a few additional details specific to the VRPTW are given regarding the features

described in Section 3.1. Starting with the resource consumptions on the arcs, two resources are
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considered as features: time and capacity (i.e., the customer demand). For each arc (i, j) ∈ A, i 6=
s, j 6= t, the lower and upper bounds of the time windows of both client nodes i and j are collected.

For the capacity resource, since the windows are the same for all clients (i.e., [0, Q] where Q is the

vehicle capacity), their bounds are not included in the features.

Finally, the labels are assigned as described in Section 3.2, i.e., the label 1 is assigned to the arcs

that are part of the generated routes, and 0 for the others.

5.3 VRPTW instances

The VRPTW instances used are based on the Gehring & Homberger instances [18]. Three classes

of instances are available: the R instances, standing for “Random”, where the clients positions are

randomly scattered, the C instances, standing for “Cluster”, where clients are grouped together in

clusters and thus have more chance to be served by the same vehicle, and finally the RC instances

that are a combination of both. Moreover, for each of the three classes, there are two categories

numbered 1 and 2 (R1, C1, RC1 and R2, C2, RC2). The difference between the two is in the width of

the time windows: the category 1 instances tend to have larger time windows than those of category 2,

and are therefore more difficult to solve.

Since we are only interested in solving the linear relaxation of the problem, and that most of the

R1, C1 and RC1 instances we considered, i.e., 200 and 400 clients, are actually very easy to solve and

take only a few seconds, we decided to only use the R2, C2 and RC2 instances. Some of these instances

have been slightly modified, more precisely, the width of the time windows has been slightly reduced

so that the computing time becomes reasonable and not very high. This is because some instances

take hours to be solved, especially when no heuristics are used during the data collection phase.

Regarding the size of the instances, we used those of 200 and 400 clients. Half of the 200-client

instances were used for training and testing in the ML phase (e.g., from the three classes), while the

other half and the 400-client instances were used for testing the model obtained when integrated in

the CG algorithm.

5.4 Computational results

As for the VCSP, this section will be divided into three parts. The first part is devoted to the ML

phase where additional details about the features and data collection are covered as well as the results

obtained. The second part presents the results of the model integration in the CG process, as well as

a comparison with other algorithms. In the third part, we include some additional experiments that

are worth mentioning. All the experiments were performed on a Linux machine with an i7-8700 CPU

@ 3.20GHz and 64GB of RAM.

5.4.1 Machine learning

Because of the noticeable differences in the feature value range from one instance to another, especially

between instances of different sizes, a preprocessing step is performed to scale and normalize the data

of each instance individually. A random forest model is fit on the training data, and the hyperpameters

are tuned through a cross validation approach. A neural network model was also tested, but without

obtaining a significantly better accuracy, so we decided to retain the RF model as we did for the VCSP.

The best hyperparameter values obtained are described in Table 5, whereas the results on the test set

are reported in Table 6.

The hyperparameter values are slightly different from those used for the VCSP, more precisely the

max depth and max features parameters. The class weights are used to balance the two classes as

before, since there is only 14% and 9% of arcs with label 1 in the 200 and 400 instances, respectively.

According to the results in Table 6, we notice a higher accuracy than the one obtained for the VCSP.
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Table 5: Hyperparameters values used in the training phase.

Hyperparameter Value

Bootstrap True
Max depth 5
Max features 5
Min samples per leaf 50
Min samples per split 100
Number of trees 500
Class weights Balanced

Table 6: Metrics of the model obtained for the VRPTW.

Metric Value

Recall 93%
TNR 87%
Balanced Accuracy 90%

The arcs to be selected are correctly predicted with 93% accuracy (i.e., Recall), whereas the TNR

value is 87%, which means that the number of arcs selected by the model will not differ much from

the number selected by the expert.

Note that the VCSP and the VRPTW are two completely different problems and they are not

supposed to give comparable accuracies, especially considering that the arcs to be selected play different

roles in each problem.

5.4.2 CG with arc selection

Now let us evaluate the ML model performance when integrated in the CG process. To do so, we have

chosen to compare different algorithms described as follows:

Baseline-CG: This corresponds to the standard CG algorithm without arc selection where the com-

plete network is used in all iterations.

ML-S: This is the CG algorithm with the arc selection activated as described in Algorithm 2, but

with a small adjustment. In fact, for the VRPTW we noticed that towards the end of the

optimization, the reduced network fails to generate columns for several consecutive iterations.

Thus, the algorithm ends up solving the PP with both networks at multiple iterations (i.e., with
Gr followed by G), which slows down the optimization. Instead, we decided to disable the use

of the reduced network as soon as it fails to generate a column until the end of the optimization.

RedCost-S: This corresponds to the CG algorithm using a known heuristic pricing strategy that

reduces the number of arcs in the network. It has been used by several researchers, and has

shown to be very effective. For each node, excluding the depot nodes s and t, the heuristic

consists in setting a minimum number Nmin of incoming and outgoing arcs to keep. At each

iteration, the arcs are sorted by their reduced cost, the Nmin incoming and outgoing arcs with

the least cost are kept, while the others are removed from the network. It is also possible to

define multiple values Nmin
1 , Nmin

2 , . . . ,∞ where Nmin
1 < Nmin

2 < · · · <∞. The PP tries first to

generate columns with the parameter value Nmin
1 , if it fails it moves to the next parameter value,

and so on. The values used in this experiment are Nmin
1 = 10, Nmin

2 = 20, Nmin
3 = ∞. Note

that this algorithm performs the selection at each iteration while ML-S performs the selection

only once before the beginning of the optimization.

The results obtained to compare the three algorithms are described in Table 7. For each algorithm,

we report the same information as in Table 3. An additional column presents the time gain in per-

centage obtained by ML-S and RedCost-S in comparison to Baseline-CG. For ML-S, the number of
iterations with the full network is indicated between parentheses.
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Table 7: VRPTW results.

Size Instance
Baseline-CG ML-S RedCost-S

#Itr
Time (s)

#Itr
Time (s)

Gain #Itr
Time (s)

Gain
PP RMP Total PP RMP Total PP RMP Total

2
0
0

c
li
e
n
ts

R2 2 1 197 173 8 181 259 (165) 52 8 54 68% 439 23 12 34 81%
R2 2 2 159 312 5 317 211 (150) 99 6 105 67% 179 25 5 29 91%
R2 2 3 198 128 7 135 301 (233) 36 8 44 68% 441 20 8 28 79%
R2 2 4 114 210 2 212 152 (101) 69 3 72 66% 152 34 2 37 83%
R2 2 5 239 238 10 248 275 (166) 44 9 53 79% 367 22 11 33 87%

Average 181 216 6 233 240 (163) 59 7 65 70% 316 25 7 32 84%

RC2 2 1 204 203 5 208 243 (172) 123 5 128 38% 374 32 6 38 82%
RC2 2 2 119 138 3 141 156 (107) 49 3 52 63% 218 17 3 20 86%
RC2 2 3 243 211 7 218 314 (214) 82 9 91 59% 852 40 11 51 77%
RC2 2 4 198 189 7 196 239 (166) 150 7 157 20% 609 34 13 47 76%
RC2 2 5 230 295 6 301 278 (192) 112 6 118 61% 313 32 6 39 87%

Average 199 207 6 213 246 (170) 103 6 109 48% 473 31 8 39 81%

C2 2 1 288 177 8 185 398 (268) 143 10 153 18% 760 72 11 83 55%
C2 2 2 149 353 5 358 195 (126) 255 5 260 27% 316 121 6 126 65%
C2 2 3 211 190 6 196 359 (176) 146 11 157 20% 272 54 7 61 69%
C2 2 4 164 267 6 273 351 (163) 230 9 239 12% 181 65 5 70 74%
C2 2 5 158 469 6 475 420 (161) 440 11 451 5% 237 140 6 146 69%

Average 194 291 6 297 345 (178) 243 9 252 16% 353 90 7 97 66%

4
0
0

c
li
e
n
ts

R2 4 1 397 643 143 786 447 (239) 154 104 258 67% 373 66 119 185 76%
R2 4 2 248 318 85 403 330 (165) 90 76 166 59% 289 45 84 129 68%
R2 4 3 202 1058 42 1100 252 (188) 333 47 380 65% 235 97 37 134 88%
R2 4 4 149 734 21 755 194 (112) 203 23 226 70% 239 142 20 162 79%
R2 4 5 355 316 131 447 439 (244) 124 107 231 48% 361 51 127 178 60%
R2 4 6 240 293 76 369 331 (162) 75 67 142 62% 277 44 78 122 67%
R2 4 7 245 629 47 676 303 (179) 227 50 277 59% 218 81 44 125 82%
R2 4 8 187 632 25 657 203 (116) 243 27 270 59% 242 144 23 167 75%
R2 4 9 334 870 138 1008 472 (253) 277 111 388 62% 322 101 116 217 78%
R2 4 10 308 988 113 1101 461 (257) 521 102 623 43% 380 154 108 262 76%

Average 267 648 82 730 343 (191) 255 71 296 59% 294 93 76 168 75%

RC2 4 1 392 281 123 404 555 (288) 144 116 260 36% 390 45 102 147 64%
RC2 4 2 301 282 65 347 434 (216) 108 70 178 49% 295 37 67 104 70%
RC2 4 3 202 1224 29 1253 293 (151) 288 33 321 74% 301 108 27 135 89%
RC2 4 4 155 361 17 378 231 (125) 185 22 207 45% 183 81 16 97 74%
RC2 4 5 797 337 198 535 1301 (848) 271 199 470 12% 1164 84 186 270 50%
RC2 4 6 370 622 98 720 543 (295) 229 101 330 54% 434 98 118 216 70%
RC2 4 7 340 615 87 702 510 (235) 264 92 356 49% 415 100 98 198 72%
RC2 4 8 373 629 74 703 478 (254) 245 73 318 55% 435 90 72 162 77%
RC2 4 9 305 460 83 543 417 (263) 188 91 279 49% 371 83 91 174 68%
RC2 4 10 411 219 101 320 458 (347) 128 89 217 32% 438 40 91 131 59%

Average 365 503 88 591 522 (302) 205 89 294 46% 443 77 87 163 69%

C2 4 1 599 373 136 509 1125 (660) 424 178 602 -18% 966 144 183 327 36%
C2 4 2 270 214 74 288 484 (237) 197 78 275 5% 445 71 88 159 45%
C2 4 3 254 543 50 593 342 (180) 496 58 554 7% 484 176 55 231 61%
C2 4 4 153 574 26 600 408 (121) 588 52 640 -7% 332 267 30 297 51%
C2 4 5 261 632 62 694 714 (222) 637 93 730 -5% 417 194 63 257 63%

Average 307 467 69 536 614 (284) 468 91 560 -4% 528 170 83 254 51%

Starting with Baseline-CG, we can notice that most of the computing time is spent on the PP

side. If we take a closer look at the time per iteration of one of the instances (R2 2 1 as an example),

as shown in Figure 4a, the PP computing time decreases very rapidly, starting at 22 seconds at the

first iteration and reaching less than 0.1 second after a hundred iterations. In fact, according to the

cumulative time shown in Figure 4b, we can see that 90% of the computing time is spent in the first

50 iterations, which is just a quarter of the total number of iterations. The progressive decrease of

computing time can be explained by looking at the number of labels created during the resolution
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of the PP as shown in Figure 4c. This shows that more labels are dominated as we progress in the

optimization, and with less labels there is less processing and therefore less computing time.

Moving on to the ML-S results, we can notice a higher number of iterations compared to Baseline-

CG. The number of iterations with the full network (i.e., in parentheses) is also quite high, representing

more than 50% of the total number. Nevertheless, a significant reduction of computing time on the PP

side is obtained. Since most of the iterations using the full network are performed in the second half of

the optimization (i.e., when the use of the reduced network is disabled), they are not time consuming

as previously shown in Figure 4. We can see a significant gain on the R2 instances. However, this

gain decreases on the instances where the clients are more clustered (i.e., RC2 and C2) and also when

moving from the 200 instances to the 400 ones. If we compare the increase in the number of iterations

between ML-S and Baseline-CG for the 200-client instances, we can notice an increase of 32% for R2,

24% for RC2 and 73% for C2. It is true that the C2 instances seem to perform way more iterations

than the other groups, and this may be one reason explaining the drop in performance. However, we

see that the RC2 instances have a lower increase in the number of iterations than R2 and yet their

results are less good.
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Figure 4: PP computing time and number of labels with Baseline-CG.

Let us consider that the optimization goes through two stages when using ML-S. The first stage

starts from the beginning until the reduced network fails to generate any columns (i.e., the reduced

network is thus disabled), and the second stage comes afterwards until the end of the optimization. By

taking an R2 instance and comparing the computing time per iteration during the two stages, Figure 5a

shows that there are multiple peaks of computing time during the first stage, which occur when we

switch to the full network (i.e., when the reduced network does not generate enough columns). We

can also see that the peaks heights decreases rapidly as we progress in the optimization. In the second

stage (e.g., starting at the dashed line), the computing time is not too high, and it is also more stable

since we are only using the full network. Figures 5b and 5c give some additional information, namely

the cumulative time and the number of labels created, respectively. According to the cumulative time,

we can see a step line in the first stage where the computing time increases significantly each time we

switch to the full network, whereas in the second stage the line is almost linear. Notice that the total

time spent on the first stage is larger than the second one. On the other hand, the number of labels

follows exactly the same trend depicted in Figure 5a, which makes sense.

If we try to visualize the same data for a C2 instance in Figure 6 and compare it to the previously

seen data for an R2 instance (i.e., Figure 5), some differences can be noticed. We can observe that the

computing time per iteration during the first stage decreases more slowly and is still quite high when

we reach the second stage. The same thing can be noticed for the number of labels created. Looking

at the cumulative time, we can see that the second stage takes more time than the first and the line

is also steeper.

Finally, for the RedCost-S algorithm, we can notice that the results are significantly better than

ML-S. A drop in performance is observed when dealing with the more clustered instances, but it is

not as aggressive as ML-S. The number of iterations for the 200-client instances is larger or very close

to the one of ML-S, but for the 400-client instances it is less on average.
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Figure 5: The PP computing time and number of labels with ML-S for instance R2 2 1.
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Figure 6: The PP computing time and number of labels with ML-S for instance C2 2 1.

Now the question is whether we can achieve better results than those obtained with RedCost-S. To

answer that, we tried two additional strategies:

ML-RedCost-S: This corresponds to the combination of the two strategies ML-S and RedCost-S. In

other words, the arc reduction according to the reduced cost is performed at each iteration on

the two graphs G and Gr depending on which one is used.

ML-RedCost-S-2: This corresponds to an ML model learned on the data generated using RedCost-

S. This means that RedCost-S is considered the new expert. By going back to the first phase,

i.e., data collection, the label 1 is assigned to the arcs that are part of the columns generated

using RedCost-S, and 0 for the others. The training is performed on the new data in order to

obtain a new model, which is then used to build the reduced network.

For both strategies, the same values of Nmin
1 = 10, Nmin

2 = 20, Nmin
3 = ∞ are used. The results

comparing the two strategies to RedCost-S are reported in Table 8, providing the same information as

in Table 7 except that the time gains are measured with respect to the time obtained by RedCost-S.

From the results, we can see that the gains obtained by the two new strategies are quite comparable.

As before, a decrease in performance is noticed when dealing with the RC2 and C2 instances. On

average, ML-RedCost-S-2 seems to be slightly better as it gives a few larger gains for some groups of

instances. Overall, the results show that it is possible to get improvements on top of RedCost-S, up to

41% for the 200-client R2 instances and 28% for the 400-client ones, especially when the PP is much

more time consuming than the RMP. However, it seems to be less effective on RC2 and C2 instances.

5.4.3 Additional experiments

Another attempt to deal with the inefficiency of the model on the C2 instances was conducted. On

the ML side, one can think that the C2 instances are quite different from the other groups (i.e., RC

and R), and that despite the overall accuracy of 90% obtained, the accuracy is perhaps less for the C2

instances. It turns out that this is not the case, the metrics reported for the C2 instances alone are

the following: 94% recall, 79% TNR and 87% accuracy. It is true that the accuracy is 3% below the

average, but these are still solid results. Moreover, even with a new model that was only trained on

the C2 instances, the results obtained when integrated to the CG algorithm were not much better.
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Table 8: Additional VRPTW results.

Size Instance
RedCost-S ML-RedCost-S ML-RedCost-S-2

#Itr
Time (s)

#Itr
Time (s)

Gain #Itr
Time (s)

Gain
PP RMP Total PP RMP Total PP RMP Total

2
0
0

c
li
e
n
ts

R2 2 1 439 23 12 34 578 (403) 13 12 24 31% 420 (235) 8 10 18 48%
R2 2 2 179 25 5 29 309 (127) 13 7 21 30% 343 (158) 16 8 24 17%
R2 2 3 441 20 8 28 406 (255) 8 9 17 38% 378 (219) 8 8 16 44%
R2 2 4 152 34 2 37 217 (98) 8 3 11 69% 245 (113) 9 4 12 66%
R2 2 5 367 22 11 33 430 (244) 11 12 23 32% 444 (245) 11 12 23 32%

Average 316 25 7 32 388 (225) 11 8 19 40% 366 (194) 10 8 18 41%

RC2 2 1 372 32 6 38 586 (378) 18 10 28 28% 568 (376) 17 9 26 32%
RC2 2 2 218 17 3 20 332 (179) 12 5 17 15% 282 (142) 11 5 15 25%
RC2 2 3 852 40 11 51 912 (695) 28 11 39 23% 670 (446) 22 10 32 38%
RC2 2 4 609 34 13 47 675 (476) 18 14 33 30% 531 (352) 17 13 29 37%
RC2 2 5 313 32 6 39 451 (226) 15 7 23 41% 497 (270) 20 9 29 25%

Average 473 31 8 39 591 (391) 18 10 28 28% 510 (317) 17 9 26 31%

C2 2 1 760 72 11 83 924 (552) 54 15 69 17% 1020 (676) 62 15 77 6%
C2 2 2 316 121 6 126 416 (242) 76 8 84 34% 385 (210) 71 8 79 38%
C2 2 3 272 54 7 61 505 (208) 49 11 60 2% 489 (190) 51 11 62 -1%
C2 2 4 181 65 5 70 442 (113) 61 11 72 -3% 464 (122) 65 12 77 -10%
C2 2 5 237 140 6 146 501 (159) 127 12 139 5% 479 (174) 121 11 132 10%

Average 353 90 7 97 558 (255) 73 11 84 11% 567 (274) 74 11 85 10%

4
0
0

c
li
e
n
ts

R2 4 1 373 66 119 185 647 (180) 39 119 158 15% 678 (230) 41 122 163 12%
R2 4 2 289 45 84 129 436 (127) 24 81 105 19% 429 (117) 24 81 105 19%
R2 4 3 235 97 37 134 392 (111) 40 54 94 30% 440 (157) 44 55 99 0%
R2 4 4 239 142 20 162 297 (106) 40 29 69 57% 314 (134) 48 29 77 52%
R2 4 5 361 51 127 178 619 (165) 32 114 146 18% 573 (159) 30 114 144 19%
R2 4 6 277 44 78 122 523 (196) 32 94 126 -3% 460 (139) 25 81 106 13%
R2 4 7 218 81 44 125 390 (114) 38 60 98 22% 384 (116) 31 53 84 33%
R2 4 8 242 144 23 167 328 (131) 60 33 93 44% 309 (119) 45 31 76 54%
R2 4 9 322 101 116 217 615 (168) 56 131 187 14% 632 (188) 50 121 171 21%
R2 4 10 380 154 108 262 691 (230) 76 119 195 26% 719 (201) 64 116 180 31%

Average 294 93 76 168 494 (153) 44 83 127 24% 494 (156) 40 80 121 28%

RC2 4 1 390 45 102 147 762 (232) 42 124 166 -13% 801 (310) 50 132 182 -24%
RC2 4 2 295 37 67 104 630 (210) 37 76 113 -9% 651 (309) 43 89 132 -27%
RC2 4 3 301 108 27 135 446 (188) 52 35 87 36% 486 (206) 53 36 89 34%
RC2 4 4 183 81 16 97 263 (76) 29 23 52 46% 278 (86) 31 23 54 44%
RC2 4 5 1164 84 186 270 1600 (882) 83 196 279 -3% 1810 (1084) 101 251 352 -30%
RC2 4 6 434 98 118 216 773 (244) 62 130 192 11% 867 (314) 62 122 184 15%
RC2 4 7 415 100 98 198 792 (348) 79 118 197 1% 674 (274) 60 119 179 10%
RC2 4 8 435 90 72 162 834 (357) 78 84 162 0% 669 (240) 56 74 130 20%
RC2 4 9 371 83 91 174 723 (304) 67 116 183 -5% 952 (561) 111 108 219 -26%
RC2 4 10 438 40 91 131 679 (274) 39 118 157 -20% 689 (266) 35 91 126 4%

Average 443 77 87 163 750 (312) 57 102 159 4% 788 (365) 60 105 165 2%

C2 4 1 966 144 183 327 1692 (669) 162 190 352 -8% 1785 (768) 170 186 356 -9%
C2 4 2 445 71 88 159 867 (438) 99 117 216 -36% 726 (239) 68 110 178 -12%
C2 4 3 484 176 55 231 741 (333) 215 78 293 -27% 913 (463) 210 87 297 -29%
C2 4 4 332 267 30 297 522 (249) 327 44 371 -25% 536 (287) 290 47 337 -13%
C2 4 5 417 194 63 257 887 (266) 248 101 349 -36% 895 (278) 222 101 323 -26%

Average 529 170 84 254 942 (391) 210 106 316 -26% 971 (407) 192 106 298 -17%

6 Conclusion

In this paper, a new pricing heuristic based on ML was presented. The goal is to speed up the CG

method for problems where the PP is a SPPRC or one of its variants defined on a network, and solved

using a labeling algorithm. The method consists in reducing the network size, by keeping only the

most promising arcs that have a high chance to be part of good columns. The ML model is trained on

the data collected from previous executions through a supervised learning approach. The arcs selected

by the trained model are used to build a new reduced network that is on average 15% to 25% the size

of the original network. The new network is used at each iteration as long as it generates a satisfactory

number of columns. If not, the full network is used instead, especially in the last iterations.

The approach is fairly general and can be used for different problems. We chose to demonstrate it

on two well-known problems, the VCSP and VRPTW. For the VCSP, the selection was limited to the

arcs representing walking movements, since they represent more than 95% of the arcs in the network.

Whereas for the VRPTW, all the arcs were targeted by the selection. The results showed reductions
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in computing time of up to 27% for the VCSP, and 40% for the VRPTW. The resulting ML models

have also shown the ability to generalize to new instances not encountered during the training phase.

However, the ML model had some limitations when dealing with the C instances of the VRPTW.
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