Les Cahiers du GERAD

ISSN: 0711-2440

Upper bounds on the average number of
colors in the non-equivalent colorings of
a graph

A. Hertz, H. Mélot, S. Bonte, G. Dev-
illez, P. Hauweele

G-2021-28
May 2021

La collection Les Cahiers du GERAD est constituée des travaux de
recherche menés par nos membres. La plupart de ces documents de
travail a été soumis a des revues avec comité de révision. Lorsqu’'un
document est accepté et publié, le pdf original est retiré si c'est
nécessaire et un lien vers I'article publié est ajouté.

Citation suggérée : A. Hertz, H. Mélot, S. Bonte, G. Devillez,
P. Hauweele (Mai 2021). Upper bounds on the average number of
colors in the non-equivalent colorings of a graph, Rapport technique,
Les Cahiers du GERAD G- 2021-28, GERAD, HEC Montréal,
Canada.

Avant de citer ce rapport technique, veuillez visiter notre site Web
(https://www.gerad.ca/fr/papers/G-2021-28) afin de mettre a
jour vos données de référence, s'il a été publié dans une revue sci-
entifique.

The series Les Cahiers du GERAD consists of working papers
carried out by our members. Most of these pre-prints have been
submitted to peer-reviewed journals. When accepted and published,
if necessary, the original pdf is removed and a link to the published
article is added.

Suggested citation: A. Hertz, H. Mélot, S. Bonte, G. Devillez,
P. Hauweele (May 2021). Upper bounds on the average number of
colors in the non-equivalent colorings of a graph, Technical report,
Les Cahiers du GERAD G-2021- 28, GERAD, HEC Montréal,
Canada.

Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2021-28) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grace
au soutien de HEC Montréal, Polytechnique Montréal, Université
McGill, Université du Québec a Montréal, ainsi que du Fonds de
recherche du Québec — Nature et technologies.

Dépét légal — Bibliothéque et Archives nationales du Québec, 2021
— Bibliotheque et Archives Canada, 2021

The publication of these research reports is made possible thanks
to the support of HEC Montréal, Polytechnique Montréal, McGill
University, Université du Québec a Montréal, as well as the Fonds de
recherche du Québec — Nature et technologies.

Legal deposit — Bibliothéque et Archives nationales du Québec, 2021
— Library and Archives Canada, 2021

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2021-28
https://www.gerad.ca/en/papers/G-2021-28
https://www.gerad.ca/en/papers/G-2021-28

Upper bounds on the average number of colors in the
non-equivalent colorings of a graph

Alain Hertz ?
Hadrien Mélot P
Sébastien Bonte P
Gauvain Devillez ®

Pierre Hauweele ®

@ GERAD & Département de Mathématiques et

de Génie Industriel, Polytechnique Montréal,
Montréal (Québec), Canada H3C 3A7

b Computer Science Department - Algorithms Lab,
University of Mons, 7000 Mons, Belgium

alain.hertz@gerad.ca

May 2021
Les Cahiers du GERAD
G-2021-28

Copyright (© 2021 GERAD, Hertz, Mélot, Bonte, Devillez, Hauweele

Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n’engagent que la responsabilité de leurs auteurs. Les
auteurs conservent leur droit d'auteur et leurs droits moraux sur leurs
publications et les utilisateurs s'engagent a reconnaitre et respecter
les exigences légales associées a ces droits. Ainsi, les utilisateurs:
o Peuvent télécharger et imprimer une copie de toute publica-
tion du portail public aux fins d'étude ou de recherche privée;
e Ne peuvent pas distribuer le matériel ou I'utiliser pour une
activité a but lucratif ou pour un gain commercial;
e Peuvent distribuer gratuitement I'URL identifiant la publica-
tion.
Si vous pensez que ce document enfreint le droit d'auteur, contactez-
nous en fournissant des détails. Nous supprimerons immédiatement
I'acces au travail et enquéterons sur votre demande.

The authors are exclusively responsible for the content of their re-
search papers published in the series Les Cahiers du GERAD. Copy-
right and moral rights for the publications are retained by the authors
and the users must commit themselves to recognize and abide the
legal requirements associated with these rights. Thus, users:
e May download and print one copy of any publication from the
public portal for the purpose of private study or research;
o May not further distribute the material or use it for any profit-
making activity or commercial gain;
o May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



Les Cahiers du GERAD G-2021-28 ii

Abstract : A coloring of a graph is an assignment of colors to its vertices such that adjacent vertices
have different colors. Two colorings are equivalent if they induce the same partition of the vertex set
into color classes. Let A(G) be the average number of colors in the non-equivalent colorings of a graph
G. We give a general upper bound on A(G) that is valid for all graphs G and a more precise one for
graphs G of order n and maximum degree A(G) € {1,2,n — 2}.
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1 Introduction

A coloring of a graph G is an assignment of colors to its vertices such that adjacent vertices have
different colors. The total number B(G) of non-equivalent colorings (i.e., with different partitions into
color classes) of a graph G is the number of partitions of the vertex set of G whose blocks are stable
sets (i.e., sets of pairwise non-adjacent vertices). This invariant has been studied by several authors
in the last few years [1, 5, 6, 7, 9, 11] under the name of (graphical) Bell number. It is related to
the standard Bell number B,, (sequence A000110 in OEIS [13]) that corresponds to the number of
partitions of a set of n elements into non-empty subsets, and is thus obviously the same as the number
of non-equivalent colorings of the empty graph or order n (i.e., the graph with n vertices and without
any edge).

The 2-Bell number T,, (sequence A005493 in OEIS [13]) is the total number of blocks in all partitions
of a set of n elements. Odlyzko and Richmond [12] have studied the average number A,, of blocks in a
partition of a set of n elements, which can be defined as A,, = g The corresponding concept in graph
theory is the average number A(G) of colors in the non—equivalgnt colorings of a graph G. This graph
invariant was recently defined in [8]. When constraints (represented by edges in G) impose that certain
pairs of elements (represented by vertices) cannot belong to the same block of a partition, A(G) is the
average number of blocks in the partitions that respect all constraints. Clearly, A(G) = A,, if G is the

empty graph of order n.

Lower bounds on A(G) are studied in [10]. The authors mention that there is no known lower
bound on A(G) which is a function of n and such that there exists at least one graph of order n which
reaches it. As we will show, the situation is not the same for the upper bound. Indeed, we show that
there is an upper bound on A(G) which is a function of n and such that there exists at least one graph
of order n which reaches it. We also give a sharper upper bound for graphs with maximum degree
A(G) e {1,2,n — 2}.

In the next section we fix some notations. Section 3 is devoted to properties of A(G) and basic
ingredients that we will use in Section 4 for proving the validity of the upper bounds on A(G).

2 Notation

For basic notions of graph theory that are not defined here, we refer to Diestel [3]. The order of a
graph G = (V, E) is its number |V| of vertices, and the size of G is its number |E| of edges. We write
G for the complement of G and G ~ H if G and H are two isomorphic graphs. We denote by K,
(resp. C,,, P, and K,,) the complete graph (resp. the cycle, the path and the empty graph) of order n.
For a subset W of vertices in G, we write G[W] for the subgraph induced by W. Given two graphs G
and Gy (with disjoint sets of vertices), we write Gy U Go for the disjoint union of Gy and Gs. Also,
G U pK; is the graph obtained from G by adding p isolated vertices, i.e. G U pK; ~ G UK,.

Let N(v) be the set of vertices adjacent to a vertex v in G. We say that v is isolated if |N (v)| = 0.
We write A(G) for the mazimum degree of G. A vertex v of a graph G is simplicial if the induced
subgraph G[N(v)] of G is a clique.

Let u and v be any two vertices in a graph G of order n. We use the following notations:

e G|y is the graph (of order n — 1) obtained by identifying (merging) the vertices v and v and, if
uv € E(G), by removing the edge uv;

e if uv € E(G), G — uv is the graph obtained by removing the edge uv from G;

e if uv ¢ E(G), G + uv is the graph obtained by adding the edge uv in G;

e (G — v is the graph obtained from G by removing v and all its incident edges.

A coloring of a graph G is an assignment of colors to the vertices of G such that adjacent vertices
have different colors. The chromatic number x(G) is the minimum number of colors in a coloring of G.
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Two colorings are equivalent if they induce the same partition of the vertex set into color classes. Let
S(G, k) be the number of non-equivalent colorings of a graph G that use exactly k colors. Then, the
total number B(G) of non-equivalent colorings of a graph G is defined by

n

B(G)= Y S(G,k),

k=x(G)

and the total number 7 (G) of color classes in the non-equivalent colorings of a graph G is defined by

zn: kS(G, k).

k=x(G)

In this paper, we study the average number A(G) of colors in the non-equivalent colorings of a graph G,
that is,
T(G)
A(G) = ——.
(@) BG)
For illustration, as shown in Figure 1, there are one non-equivalent coloring of P4 with 2 colors, three
with 3 colors, and one with 4 colors, which gives B(P4) =5, T(P4) = 15 and A(P4) = & = 3.

18_32 12_83 lg_gl 12_82 1
2 I 2 I 2 3 2 32

2 colors 3 colors 4 colors

Figure 1: The non-equivalent colorings of P4

3 Properties of S(G, k) and A(G)

As for several other invariants in graph coloring, the deletion-contraction rule (also often called the
Fundamental Reduction Theorem [4]) can be used to compute B(G) and T (G). More precisely, let u
and v be any pair of distinct vertices of G. As shown in [6, 11], we have

S(G, k) = S(G — uv, k) — S(Gju, k) Vv € B(G), (1)
S(G, k) = S(G + uv, k) + S(Gluu, k) Vuv ¢ B(G). (2)

It follows that

B(G) - B(G - uv) - B(Glu'u) v

T(G) = T(G — uv) — T(Glun) } vuv € B(G), )
B(@) = B(G + uv) + B(Guy)

T(C) = T(G + ) + T(Crn) } Vuv ¢ E(G). (4)

Many properties on A(G) are proved in [8] and [10]. We mention here some of them that will be
useful for proving the validity of the upper bounds on A(G) given in Section 4.
Proposition 1 ([10]). Let v be a simplicial vertex of degree at least one in a graph G, and let w be
one of its neighbors in G. Then A(G) > A(G — vw).
Proposition 2 ([10]). Let H; and Hs be any two graphs. If S(Hy,k)S(Ha, k') > S(Ha, k)S(Hy, k') for
all K>k, the inequality being strict for at least one pair (k, k'), then A(G U Hy) > A(G U Hs) for all
graphs G.
Proposition 3 ([8]). Let G, H and Fi,--- , F, be r+2 graphs, and let aq, - - - , o, be 7 positive numbers
such that
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e B(G)=B(H) + Z ;B(F;)
[ ] T( + Z 041

o A(F,) < A(H )forallz—l,

Then A(G) < A(H).
Proposition 4 ([10]). A(GUC,) > A(GUP,,) for all n > 3 and all graphs G.

Some graphs G of order n < 9 will play a special role in the next section. The values S(G, k) of
these graphs, with 2 < k < n, are given in Table 1. These values lead to the following lemma.

Table 1: Values of S(G, k) for some graphs G of order n and 2 < k <n

k 2 3 4 5 6 7 8 9 10

S(C5 UKa, k’) 0 6 6 1

S(C4 UKy, k) 2 7 6 1

S(Cs, k) 0 5 5 1

S(2Cs, k) 0 6 18 9 1

S(Cq UKa, k) 2 16 25 10 1

S(Cs UKy, k) 0 15 25 10 1

S(Cs, k) 1 10 20 9 1

S(C3UCqk) 0 18 66 55 14 1

S(CsUKa,k) 0 30 90 65 15 1

S(Cr, k) 0 21 170 56 14 1

S(CsuCs,k) 0 30 210 285 125 20 1

S(2Cy, k) 2 52 241 296 126 20 1

S(Cs, k) 1 42 231 294 126 20 1

S(3Cs, k) 0 36 540 1242 882 243 27 1

S(C3UCeg, k) 0 66 666 1351 910 245 27 1

S(C4UCs,k) 0 90 750 1415 925 246 27 1

S(Co, k) 0 85 735 1407 924 246 27 1

S(2C3UCyq,k) 0 108 1908 5838 5790 2361 433 35 1

S5(2Cs, k) 0 150 2250 6345 6025 2400 435 35 1

Lemma 5. The following strict inequalities are valid for all graphs G:

(a) A(GUCGCs) < A(GU2C3) (b)) AGUC;) < A(GUC5UCy)
(c) AGUGCs) < AGUC3UCs) (d) AGUC3UKs) < A(GUCs)
(6) A(GUC4UK2) < A(GU2C3) (f) A(GUC5UK2) < A(GUC3UC4)
(g) A(GUC4UK1) <.A(GUC5) (h) A(GUC5UK1) <.A(GU2C3)
(i) AGU2Cy) < A(GUC3UCs) () AGUCLUCs) < A(GU3C3)
(k) AGU2C5) < A(GU2C3UCy).

Proof. All these inequalities can be obtained from Proposition 2 by using the values given in Ta-
ble 1. For example, to check that (a) holds, the 4" and 7*" lines of Table 1 allow to check that
S(2C3,k)S(Ce, k') — S(Ce,k)S(2C3, k") > 0 for all & > k' and at least one of these values is strictly
positive. [

We now show the validity of four lemmas which will be helpful for proving that A(G U C,,) <
A(GUC,_3UC3) for all n > 6. A direct consequence of this result will be that a graph G that
maximizes A(G) among the graphs with maximum degree 2 cannot contain an induced C,, with n > 6.

Lemma 6. S(Cy, k) = (k —1)S(Cp_1,k) + S(Cp_1,k — 1) for all n > 4 and all k > 3.

Proof. The values in the following table show that the result is true for n = 4.
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k 2 3 4
S(Cqk) 1 2 1
5(Cs, k) 1

For larger values of n, we proceed by induction. So assume n > 5, let u be a vertex in C,, and let v
and w be its two neighbors in C,,. Let us analyze the set of non-equivalent colorings of C, that use
exactly k colors:

o there are (k — 1)S(C,,_2, k) such colorings where v and w have the same color and at least one
vertex of C,, — u has the same color as u;

o there are S(C,_2,k — 1) such colorings where v and w have the same color and no vertex on
C,, — u has the same color as u;

o there are (k — 2)S(C,—1, k) such colorings where v and w have different colors and at least one
vertex of C,, — u has the same color as u;

e there are S(C,_1,k — 1) such colorings where v and w have different colors and no vertex on
C,, — u has the same color as u.

Hence,
(k
S(Cnflv ) + (k - 2)S(Cn717 k)—"_s(cnflv k— ]-)

S(Cark) = (k= 1)S(Co-2,k) + S(Co2, k= 1)) + (k= 2)S(Co1,k) + S(Co 1,k = 1)
= k
=(k—1)8

)S(Cpr, k) +S(Cor  — 1).

Lemma 7. If n > 7 and £ < n then
S(Cn,3 U Cs, k’) = (k — 1)S(Cn,4 U Cs, k) + S(Cn,4 UCs, k— 1) — (—l)nék

where
6 if k=3,4,
0 =11 ifk=25,
0 otherwise .

Proof. The values in the following table show that the result is true for n = 7.

k 2 3 4 5 6 7

S(C4UCs, k) O 18 66 55 14 1
S(C3uCs,k) 0 6 18 9 1

For larger values of n, we proceed by induction. Let u be a vertex in C,,_3, and let v and w be its two
neighbors. We analyze the set of non-equivalent colorings of C,,_3 U Cs that use exactly k colors:

e there are (k — 1)S(C,,—5 U C3, k) such colorings where v and w have the same color and at least
one vertex of C,,_3 U Cz — u has the same color as u;

o there are S(C,_5 U Cs,k — 1) such colorings where v and w have the same color and no vertex
on C,_3UC3 — u has the same color as u;

o there are (k — 2)5(C,,—4 U C3, k) such colorings where v and w have different colors and at least
one vertex of C,,_3 U Cz — u has the same color as u;

e there are S(C,,_4 U Cs,k — 1) such colorings where v and w have different colors and no vertex
on C,,_3UC3z — u has the same color as u.
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Hence,

S(Cp_5 U Cs, k) :((k —1)S(Cp_5 U Cs, k) + S(Cp_s U Cs, k — 1))
+ (k—2)S(CphaUCs,k) + S(Crmg UCs,k— 1)
:(5(cn_4 UG, k:)+(—1)"‘16k)
+(k—2)S(Crmq UCs,k)+S5(Cprmqg UCs, k— 1)
=(k —1)S(Cppq U Cs, k) + S(Cpg UCs, k — 1) — (—1)"6.

O

For n > 3, let Q,, be the graph obtained from P,, by adding an edge between an extremity v of P,
and the vertex at distance 2 from v on P,,.

Lemma 8. If n > 6 and k < n then S(C,_3UCs,k) = S(Qn, k) — (—1)"py, where

2 ifk=3,
pr =<1 if k=4,

0 otherwise .

Proof. The values in the following table show that the result is true for n = 6.

k 2 3 4 5 6

S5(2Cs,k) 0 6 18 9 1
5(Qe,k) 0 8 19 9 1

For larger values of n, we proceed by induction. Equations (1) and (2) give

S(Cp_3UCs,k) = S(Pr_3UCs, k) — S(Cp_y UCs, k)
= S(Pn_3UP3,k) — S(P,_3UP2, k) — S(C,,_s UC3, k)
= S(Pu,k) +S(Pp_1,k) — S(Pp_1,k) — S(Pp_2,k) — S(C,_qs UCs, k)
= S(Qn, k) + S(Qn- 1, k) — S(Cph_s UCs,k)
= S(Qu, k) + (=1)" " 'py
=5(Qn. k) = (=1)"p

Lemma 9. The following inequalities are valid for all n > 9:

(a) S(Cp, k) > S(Cp,k—1) for all k € {3,4,5};
(b) S(Cpn,k) >35(Cp—1,k—1) for all k € {3,4,5,6};
(c) S(Cp,4) > 85(C,,3).

Proof. The values in Table 1 show that the inequalities are satisfied for n = 9. For larger values of
n, we proceed by induction. Note that (a) and (b) are clearly valid for k& = 3 since S(C,,3) > 3 >
max{S(C,,2)),35(Cr-1,2)}. We may therefore assume k € {4,5} for (a) and k € {4,5,6} for (b).
Lemma 6 and the induction hypothesis imply

S(Crey k) + S(Cpy, k— 1)

)
)S(Cr1,k—1) 4+ 5(Cp1, k — 2)
k—1).

>(k—2

S(Cp, k) =(k — 1
=S(Cy,
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Hence (a) is proved. It follows that the following inequality is valid:

e S(Cu k1) = (k= 2)S(Ca k= 1) 4 5(Coa k —2))
<ﬁ ((k —1)S(Cps, k — 1))
:S(Cn,Q, k — ].)

which implies

S(Cp, k) =(k—1)S(Cp_1,k) + S(Cpo1,k— 1)
>(k—1)S(Cp_1, k)
>3(k — 1)S(Cps, k — 1)
>35(Cp1,k—1).

Hence (b) is proved. We thus have

S(Cp,4) =35(Cp—1,4) + S(Cp—_1,3)
>255(C,,-1,3)
>%S(Cn,3)
>85(C,, 3).

which proves (c). O

4 Upper bounds on A(G)

We are now ready to give upper bounds on A(G). The following theorem gives a general upper bound
on A(G) that is valid for all graphs G of order n.

Theorem 10. Let G be a graph of order n, then,

A(G) < n,

with equality if and only if G ~ K,,.

Proof. Clearly,
T(G)=> kS(G,k)<n
k=1 k
Hence, A(G) < n, with equality if and only if S(G,k) =0 for all k£ < n, that is if G ~ K. O

S(G, k) = nB(G).

=

Since A(K,) =n — 1 we immediately get the following corollary to Theorem 10.
Corollary 11. Let G be a graph of order n and maximum degree A(G) = n — 1. Then, A(G) < n,
with equality if and only if G ~ K,,.

We now give a more precise upper bound on A(G) for graphs G of order n and maximum degree
A(G)=n—-2.
Theorem 12. Let G be a graph of order n > 2 and maximum degree A(G) = n — 2. Then,

2
AG) < ”7”4'17

n

with equality if and only if G ~ K,_1 UKj.



Les Cahiers du GERAD G-2021-28 7

Proof. Let m be the number of edges in GG, and let z = % —m=S5(G,n—1). Then

T(G) = ”Z_: ES(G k) +xz(n—1)+n
k=1
n—2
<(n=1))_S(G.k)+z(n—1)+n
k=1

:(n—1)§n:S(G,k)+1
k=1

= (n—1)B(G) +1.

Hence, A(G) <n—1+ ﬁ, with possible equality only if S(G,k) =0 for all k < n—1. Tt is
proved in [9] that B(G) > n, with equality if and only if G is isomorphic to K,,—; UK; when n # 4, and
G is isomorphic to K3 UK; or C4 when n = 4. Since S(Cy4,2) =1 > 0 while S(K,—1 UKy, k) = 0 for all
k <n—1, we conclude that A(G) <n—1+ % = %, with equality if and only if G ~ K,,_; UKj.

O

The next simple case is when A(G) = 1.
Theorem 13. Let G be a graph of order n and maximum degree A(G) = 1. Then,

A(G) < A([gJ Kz U (n mod 2)K1)
with equality if and only if G ~ {gJ Ko U (n mod 2)K;.

Proof. If G contains two isolated vertices u and v, we know from Proposition 1 that A(G+uv) > A(G).

Hence the maximum value of A(G) is reached when G contains at most one isolated vertex, that is
G ~ |2 |Kz U (n mod 2)K;. O

We now give a precise upper bound on A(G) for graphs G with maximum degree 2. We first analyze
the impact of the replacement of an induced C,, (n > 6) by C,,_3 U Cs.

Lemma 14. A(GUC,) < A(GUC,_3UC3) for all n > 6 and all graphs G.

Proof. We know from Lemma 5 (a), (b) and (c) that the result is true for n = 6,7,8. We can therefore
assume n > 9.

Let fn(k, k") = S(Ch—g U C3,k)S(Cp, k') — S(Cpy k)S(Cp—3 U Cs, k’). Proposition 2 shows that it
is sufficient to prove that f,(k, k) > 0 for all k > k', the inequality being strict for at least one pair
(k,k"). Note that f,(n,2) =1 > 0 for n even. Also, f,(n,3) > 0 for n odd. Indeed, this is true for
n = 9 since the values in Table 1 give f,,(9,3) = 85 — 66 = 19. For larger odd values of n, we proceed
by induction, using Lemmas 6 and 7:

fn(n,3) =8(C,,3) — S(Cph_3 UC3,3)
- (QS(Cn_l, 3) + 1) - (QS(cn_4 UCs,3) + 6)

- <4S(Cn_2, 3) + 1) - (2(2S(Cn_5 UCs,3) — 6) + 6)
= 48(Cp_2,3) — 48(Co_s U Cy,3) + 7
= 4fy_a(n—2,3)+7> 0.

Hence, it remains to prove that f,(k, k) > 0 for all 1 < k' < k¥’ < n. Let us start with the cases
where k' <2 and/or k >n — 1.
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o If &' <2 then f,(k,k") = S(Cn—3UCs,k)S(C,, k") >0
o If k> n —1 then S(C,, k) = S(C,,—3 U Cs, k) since
- S(Cp,n) =85(C,3UCs,n) =1, and
~ 8(Cpyn—1) = 5(C,_3UCgyn—1) = 22537,
Also, it follows from Lemma 8 that S(C,_35 U C3, k') = S(Qp, k") — (—1)"px and Equations (1)
and (2) give
S(Cp, k) = S(Pn, k) — S(Cpo1, k)
= (5(Qn, k) + S(Pn1,k)) = (S(Pn—1,k) = S(Cr2, k)
= S(Qn, k) + S(Cpa, k).

Altogether, this gives

Falk, k') = S(Cp, k) (S(Cn, k') — S(Cp_sUCs, k/))
— S(Cp, k) ((S(Qn, K)+ S(Cpn, k) — (S(Qu, ) — (_1)npk,))
= S(Cp, k) (S(CH, k) + (—1)"pk/).

Hence,
— if n is even and/or k' ¢ {3,4}, then f,(k, k") > 0;
— if n is odd and &’ = 3 then f,(k, k') = S(Cy, k)(S(Cp—2,3) — 2)

>
— If nis odd and &' = 4 then f,,(k, k') = S(Cp, k)(S(Cpn,4) — 1) >

0;
0.
We can therefore assume 3 < k' < k < n — 2 and we finally prove that

0 if k' > 6
ke k' =
fulk k) 2 {7S(Cn,k) if i € {3,4,5}.

The values in the following table, computed with the help of those for Cg and C4UC3 in Table 1, show
that this is true for n = 9:

(k, k") (4,3)  (5,3) (5,4) (6,3) (6,4) 6,5) (7,3) (7,4) (7,5)  (7,6)

fo(k, k") 8100 21973 55923 16366 53466 32046 4589 16239 12369 2520
75(Co,k) 5145 9849 9849 6468 6468 6468 1722 1722 1722 1722

For larger values of n, we proceed by induction. Lemmas 6 and 7 give
Fulk, k) S(Cn k’)S(Cn 3UCs, k) — S(Coy k)S(Crs U Cs, &)
( naUCs, k) +S(Cr_gUCs, kf1)7(71)”5k)
—~S(Cps k) (( 1)S(C-aUCs, K')+S(Cp—aUCs, K'~1)—(~1)"6 )

:((k;'—1>5(cn,1, k)+S(Cpi, k’—l)) ((k—1)5(cn,4uc3, k)-+S(Cp_sUCs, k—l))
- ((k—1)5(cn,1, k)+S(Cp_1, k—l)) ((k’—1)5(cn,4uc3, k') +S(Cp_gUCs, k’—l))
+ (1) S(Cpy k) — (—1)"6,S(Cn, k)

=(k = 1)K = 1) (S(Cao1,K)S(CaaUCs, k) = S(Co1, K)S(CoalUCs, K) )
LK —1) (S(Cn_l, k)S(CrogUCs, k — 1) — S(Cp_1, k — 1)S(Cpp_aUCs, k’))
+(k-1) (S(Cn_l, k' —1)8(CpaUCs, k) — S(Cp1, k)S(CpsUCs, k' — 1))

+ S(Cnfh o 1)S(Cn,4UC3, k — 1) — S(Cn,h k — 1)S(Cn,4UC3, o ].)
4 (—1)"60S(Cs k) — (—1)"8,5(Cps k)
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=(k =D = D) fua(kK) + (K = 1) faor(k = 1K)
+ (k=1 fno1(k, k' = 1)+ froa(k— 1,k —1)
4+ (=1)"61S(Cp, k) — (—1)"6,S(Cp, k). (5)

Since 6 = 0 for k > 6 and fr,_1(k, k') > 0, fao_1(k — 1,K') > 0, foo1(k, k' — 1) > 0, and
fo—1(k—1,k"—1) >0 for k > k', we have f,(k,k') >0 for k > k' > 6.

Therefore, it remains to show that f,(k,k") > 75(C,, k) for k' € {3,4,5}. Let gn(k,k’)
(=1)"0k: S(Cpry k) — (—=1)™01S(Cpr, k'). There are 4 possible cases.
Case 1: k' € {4,5} and k >k’ + 2.

We have g,(k, k') = (=1)"0xS(Cp,k) > —65(Cy, k).
Lemma 6, Equation (5) gives

Using the induction hypothesis and

Fulk, k') > (7(k: “ 1)k —1)8(Cpi, k) + T(K' — 1)S(Cry, k — 1))

+ (7(k = 1)S(Com1, k) + TS(Car k= 1)) = 6S(Cos K)
=7(k" —1)S(Cy, k) + 7S(Cp, k) — 6S(Cp, k)
=(7k" — 6)S(Cp, k)
>75(Co, k).
Case 2: k' € {4,5} and k =k + 1.
Let us first give a lower bound on g, (k, k):
e if n is even and k = 6, then g, (k, k") > 0;

e if n is even and k = 5, then g,(k, k") > —S(C,,4), and we deduce from Lemma 9 (a) that

e if nis odd, then g, (k, k") > —8xS(Cp, k) > —6S(Cp, k).

Hence, whatever n and (k, k'), gn(k, k") > —6S(Cy,, k). Since f,—1(k—1,k") = 0, using again the
induction hypothesis and Lemma 6, we deduce from Equation (5) that

Fuk, k) 2(7(k71)(k’71)S(Cn_1,k))+<7(k71)S(Cn_1,k)+7S(Cn_1,k71)>765(cn,k)

:(7(k’ —1)S(Cos k) — T(K = 1)S(Cppt, ke — 1)) n <7S(Cn, k)) — 65(Cy, k)
—(Tk' — 6)S(Cp, k) — T(K — 1)S(Cpr, k — 1)

Since k < 6, Lemma 9 (b) shows that S(C,—1,k — 1) < £5(Cp, k) and we therefore have

nk) = (M) sicm
> 155(Cyr, k)
> 75(Cp, k).

Case3: k' =3 and k£ > 5.
As in the previous case, we have g,(k, k') > —65(C,,k). The induction hypothesis gives
foo1(k, k) > 7S(Crz1,k)y foo1(k—1,K) > 75(Ch1,k — 1), fao1(k, k' —1)>0, and f,,_1(k —
1,k" — 1) > 0. Hence, Equation (5) becomes

Fulle, &) >7(k — 1)(K' — 1)S(Cp_1, k) + 7(K' — 1)S(Co_1, k — 1) — 6S(C,r, k)
=7(k" = 1)S(Cp, k) — 65(Cyn, k)
=85(Cp, k)
>78(Cp, k).
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Case 4: k' =3 and k =4.
We have g,(k, k") = (-1)"6S(C,,, k) — (—1)"65(C,,, k') and we know from Lemma 9 (a) that
S(Cp,4) > S(Cy,3). Hence, g,(4,3) > —6(S(Cp, k) —S(Cp, k')). Using the induction hypothesis,
Equation (5) gives

Falk, k) > —T(k — )K" — 1)S(Cp_1, k) — G(S(Cn, k) — S(Cn, k’))
— 425(Co1, k) — 6(S(Cn, k) — S(Cn, k’)).

We therefore conclude from Lemmas 6 and 9 (c) that

Ful0,3) > 2 (S(Co ) ~ 8(C,.3) — 6(S(C ) — S(C1u3))
—8(S(Co4) = S(Ca,3))

> s(S(cn,4) - %S(cn,ax))
= 75(Cp, 4).

It is easy to check that

° .A(Kg U Kl) = % >3 = A(C4), and
o A2K3UKy) = T8 > 882 — A(K3UCy).

Hence, A((p + 1)Kz UK;) > A(pK3 U Cy) for p = 0,1. We next prove that this inequality is reversed
for larger values of p, that is A((p + 1)Kz U K1) < A(pKs U Cy) for p > 2. Proposition 2 is of no help
for this proof since, whatever p, there are pairs (k, k") for which S((p + 1)Kz UKy, k)S(pKs U Cy, k') >
S(pKs UCyq, k)S((p+ 1)Kz UKy, k'), and other pairs for which the inequality is reversed. Also, it is not
true that

.A((p + 1)K3 @] Kl) - .A(ng @] Kl) > A(ng U C4) - A((p - ].)Kg U C4)

which would have given a simple proof by induction on p. The only way we have found to prove the
desired result is to explicitly calculate A((p + 1)K3 UK;) and A(pKs U C4). This is what we do next,
with the help of two lemmas.
Lemma 15. If G is a graph of order n, then
B(GUKy) = > (k> +k+1)S(G. k),
kil
T(GUKy) = > (K +k +3k+2)S(G,k),
k=1
B(GUKs) = Y (K +2k+1)S(G,k),

k=1
n

T(GUK3) = > (k*+5k% + 4k +3)S(G, k).
k=1

S

Proof. As observed in [9],

" (k—d\ (T
S(GUK,, k) = e =) S(GLE —1). (6)
> (-0)0)
For r = 2, this gives S(GU Ky, k) = k(k —1)S(G, k) +2(k — 1)S(G,k — 1) + S(G, k — 2). Hence,
n+2
B(GUKz) =Y S(G UKy, k)

k=1
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3
T
]

(k(k: “1)S(G k) +2(k — 1)S(G,k —1) + S(G. k — 2))

1

=~
Il

P”1§

k(k —1)S(G, k) + f: 2kS(G, k) + i S(G, k)
k=1 k=1

o

sl

—

=Y (K +k+1)S(G, k)
k=1

and

3
+
no

T(GUKs) =S kS(GUKa, k)

3 =
+ 1l
N =

(kQ(k —1)S(G, k) + 2k(k — 1)S(G k — 1) + kS(G, k — 2))

>
Il
—

-

=
Il
—

k2 (k — k) + 320k +1)kS(G k) + > (k+2)S(
k=1 k=1

M:

(k* 4+ k? + 3k +2)S(G, k).

=~
Il
-

The values for B(G UKs) and 7 (G U Kg) are computed in a similar way. O

Lemma 16. If G is a graph of order n, then,

n

B(GUKsUKy) = > (k*+k° +5k% + 6k +4)S(G, k),
k=1

T(GUKsUKy) = > (K +k*+9%° + 15k% + 21k + 13)S(G, k).
k=1

Proof. Let G’ = GUKj;. Equation (6) gives S(G' UKy, k) = kS(G', k) + S(G’, k —1). Hence, it follows
from Lemma 15 that

n+4
BEUKsUK) =Y (kS(G’, k) + S(G' K — 1))
k=1
n+3 n+3
=) kS(G'k)+ > S(G' k)
k=1 k=1
=T(G') + B(G)
- Z((k4 + 5k + 4k + 3) + (K° + 2k + 1))S(G, k)
k=1
=Y (k*+ k> +5k% + 6k +4)S(G, k).
k=1
Equation (6) gives
n+3 n n+1
SRS k) =Y K (k(k ~1)(k-2)S(G, k)) +3 08 (B(k ~1)(k —2)S(G, k — 1))
k=1 k=1 k=1
n+2 n+3

+3 k2 (3(k —2)S(Gk — 2)) + 3 K2S(Gk 3))
k=1

k=1
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:Zn:k (k—1)(k —2)S(G, k) +zn:3(k-+1)2k(k:— 1)S(G, k)
k=1 k=1
+zn:3(k+2 kS(G, k) +zn:k;+3 k)
k=1 k=1
= En: (k3(k —D(k—=2)+3(k+1)%k(k—1) + 3(k+2)%k + (k + 3)2)5(07 k)

b
Il

1

(k° + 8k> + 10k? + 15k + 9)S(G, k).

-

E
I

1

Hence, using again Lemma 15, we get

g

T(GUKs UK,) = (k?S(G/, k) + kS(G k — 1))

3
+
w =

n+3
K2S(G' k) + > (k+1)S(G', k)
k=1

I
S
+
w =

k2S(G' k) + T(G") + B(G)

E
Il
-

-

((k5+8k:3+10k2+15k+9)+(k4+5k2+4k+3)+(k3+2k+1)> S(G, k)

~
Il
-

7

(K° 4+ k* + 9K® 4+ 15k2 + 21k + 13)S(G, k).

~
Il
-

We are now ready to compare A(pKs U Cy4) with A((p + 1)Ks UKy).
Theorem 17.

A(pKz UCy) < A((p+1)KsUK;) if p=0,1 and

ApKsUCy) > A((p+ 1)Kz UKy) if p > 2.

Proof. We have already mentioned that

e A(K3UK;) =12 >3=A(Cy), and

° A(2K3 U Kl) = % > % = A(K3 U C4)

Hence, it remains to prove that A(pKs U Cy) > A((p + 1)Kz UK;) for all p > 2. So assume p > 2
and let
f(p) =T (pKs U Cy)B((p+ 1)Kz UKy) — B(pKz U Cy) T ((p + 1)Kz UKy).
Since

B f(p)
A(pK3z U Cy) = A((p+ 1)Kz UKy) = B(pKs UC,)B((p + 1)K3 UKy)’

we have to prove that f(p) > 0. Note that Equations (1) and (2) give

S(GUCy, k) =S(GUPy, k) —S(GUKsz, k)
=S(GUQu, k) + S(GUPs, k) — S(GUKs, k)
:<S(G UKs UKy, k) — S(G UK, k))
+ (S(G UKs, k) + S(G UKy, k)) — S(G UKy, k)
—S(GUKs UKy, k) — (G UKy, k) + S(G UK, k),
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which implies

B(GUCy) =B(GUK3UK;) — B(GUK3) + B(GUKy), and
T(GUCY) =T(GUK3UK;) = T(GUK3)+ T(GUKy).

Hence, with G = pKs, we get
flp) =T(GUCHB(GUK3UK;) = T(GUK3UK;)B(GUCy)
=(T(GUKs UK1) = T(G UKs) + T(G UKy) ) B(G UK UKy)
—T(GUK3 U Kl)(B(G UKs UKy) — B(GUKs) + B(GU KQ))
=B(GUK3U Kl)(T(G UKz) - T(GU Kg))
— T(GUK3 U K1)<B(G UKs) — B(GU K3)>.

Since S(G, k) =0 for k < 3, we deduce from Lemmas 15 and 16 that

arS(G,k) Y beS(G k)= > xS(G k) > dpS(G, k)

NE

fp) =

k=1 k=1

:Z Z akbk/—ckdk/ (GJ{?)S(G,/{?/)
k=3 k'=3

= Z(akbk—ckdk)52(G, k) (7)
k=3
+ Z Z (arbrr — crdir + apby — crdy)S(G, k)S(G, K) (8)

k'=3 k=k’+1

where

ar =k*+ k> +5k24+6k+4

by = (k®+k%+3k+2)— (k* +5k% + 4k + 3)
=kt B3 —4K? — k-1,

ce = k® +k* 4+ 9Kk3 4+ 15k% 4+ 21k + 13 |, and
dy =& +k+1)— (K3 +2k+1)
=k 4+ k2 — k.

It is therefore sufficient to prove that the sums defined at (7) and (8) are strictly positive.

o Let g(k) = apby — cpdy = k® + k® — 5k* — 19k® — 19k% + 3k — 4. Tt can be checked that g(k) > 0
for all k > 3. Note that Equation (6) gives
=S((pKs,4) = S(G,4).

Since ¢(3) = —112 and g(4) = 2328, we have g(3)S?(G, 3) + g(4)S?(G,4) > 0, which implies

n

S (arbi—cdi) S*(G, k) = g(3)S%(G,3) + g(1)5(G, 4) + 3 gW)S(G.K) >
k=3 k=5

Hence, the sum in (7) is strictly positive.
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o Let h(k', k) = arby — crdp + ar by — crrdy.. By definition of ay, by, ¢, and di we obtain
h(K' k) = (K = k2 + k)&
— (2k* — K® + 10k + 6k +5)k""
+ (K + k* + 20k + 7k? + 35k + 16) k"
— (K° 4 10" — 7k® + T0k? + 35k + 34) k"
+ (k® — 6k* + 35k — 35k + 30k + 3) K’
— 5k* + 16k® — 34k* + 3k — 8.
Let us make a change of variable. More precisely, we substitute ¥’ by ¢ + 3 and k by j + ¢ + 4.
Since ¥ > 3 and k > k' + 1, we get ¢ > 0 and 57 > 0. It is a tedious but easy exercise to check
that with these new variables, h(k’, k) = h(i+3, j+i+4) = h/(4,j) with
W (i,j) =(5%+ 24 + 3)i® + (35° + 254% + 47j + 63)i°
+ (35* + 525° + 24352 + 4375 + 533)4*
+ (5% + 375* + 3385% + 115452 + 20175 + 2267)i*
+ (84° 4+ 1615* + 9975 + 27135 + 4692j + 4873)4°
+ (225° +2905* 4 12585% + 27295% + 47845 + 4443)i
+ 2155 + 1725* + 4405 4 57552 + 11125 + 602.
Since i > 0, j > 0, and all coefficients in A/(i, j) are positive, we conclude that h'(¢, j) = h(k', k) >
Ofor 3<k <k<n.
n—1 n
Hence, the sum Z Z h(k',k)S(G,k)S(G, k') in (8) is strictly positive. O
k=3 k=k'+1
We are now ready to prove the main result of this section. Let U,, (n > 3) be the following graph.
7Ks if n mod 3=0, and n > 3,
"T_lKguKl ifn=4o0orn="17,
"T*‘LK3UC4 if n mod 3 =1, and n > 10,
”T*5K3UC5 if n mod 3 =2, and n > 5.

U, =

Theorem 18. If G is a graph of order n > 3 and maximum degree A(G) = 2, then,
A(G) < A(U,),

with equality if and only if G ~ U,,.

Proof. Since A(G) = 2, G is a disjoint union of cycles and paths. Now, suppose that G maximizes .4
among all graphs of maximum degree 2. Then at most one connected component of G is a path. Indeed,
if G ~ G'UP,UPy/, then Equations (3) and (4) give B(G'UP,UPy/) = B(G'UPj4/) +B(G' UPptx—1)
and T(G' UPL UPg) = T(G' UPgys) + T(G' UPgig—1). Moreover, we know from Proposition 1
that A(G'UPgix—1) < A(G' UPgyp). Hence, Proposition 3 implies that A(G) = A(G'UP, UPy/) <
A(G"UPj1g). Since (G'UPy1) is of order n and maximum degree 2, this contradicts the hypothesis
that G maximizes A.

We know from Lemma 4 that replacing a path Py of order k > 3 by a cycle Cj strictly increases
A(G). Moreover, Lemma 14 shows that replacing a cycle Cj of order k > 6 by Ci_35 U K3 increases
A(G). Hence G is a disjoint union of copies of K3, C4 and Cs and eventually one path that is either
K1 or Kg.

Considering Lemma 5, we know from (d), (e) and (f) that G does not contain Ky, and from (g)-(k)
that at most one connected component of G is not a Kz. Hence, if n mod 3 = 0 then G ~ $K3 and if
nmod 3 = 2 then G ~ "T’5K3 U Cs. Finally, Theorem 17 shows that G ~ "T’IK;), UKy ifn=4or7,
and G ~ 2z4K3 U Cy if n mod 3 = 1 and n > 10. O
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5 Concluding remarks

We have given a general upper bound on A(G) that is valid for all graphs G, and a more precise one
for graphs of order n and maximum degree A(G) € {1,2,n — 2}. Note that there is no known lower
bound on A(G) which is a function of n and such that there exists at least one graph of order n which
reaches it.

The problem of finding a tight upper bound for graphs with maximum degree in {3,...,n — 3}
remains open. Since all graphs of order n and maximum degree A(G) € {1,n—2,n—1} that maximize
A(G) are isomorphic to {ﬁJ Ka(@)+1YKy mod (a(@)+1) (but this is not always true for A(G) = 2),
one could be tempted to think that this is also true when 3 < A(G) < n — 3. We have checked this
statement by enumerating all graphs having up to 11 vertices, using PHOEG [2]. We have thus
determined that there is only one graph of order n < 11 and A(G) # 2 (among more than a billion),
namely Cg U Ky, for which such a statement is wrong. Indeed, A(E@ UKy) = 5.979 > 5.967 =
A(2K4 U Kz), which shows that 2K U Ky does not maximize A(G) among all graphs of order 10 and
maximum degree 3.
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