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Canada, H3c 3A7

c COSMO – Stochastic Mine Planning Labora-
tory, McGill University, Montréal (Qc), Canada,
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Abstract : A new linear model is presented herein to optimize strategic production scheduling of
an open pit mine with multiple processing streams while accounting for investment decisions under
mineral supply uncertainty. The solution approach consists of first solving the linear relaxation using
an extension of the Bienstock-Zuckerberg algorithm to the stochastic optimization. Then, a rounding
heuristic based on the topological sorting is applied, followed by a parallel multi-neighborhood Tabu
search. The proposed method is applied to a multi-product open pit mine deposit, with the possibility
of investing in new shovels, trucks or crushers to increase related capacities. Numerical experiments
show that the proposed method manages to solve the instance within an optimality gap less than 1.5%
in reasonable time. Results also display an increased expected net present value of 6% compared to
the formulation without investment options.

Keywords : Open pit scheduling, stochastic mathematical optimization, capital expenditures, paral-
lelization
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1 Introduction

The mineral value-chain represents the stages and transformations that the material goes through

in a mining complex starting from the mines and passing through different processing streams before

ending as a sellable product ready to be delivered to customers. All the components are interrelated,

and the efficiency of the mining complex depends on the synergies between them. Thus, when it comes

to determining an optimal strategic plan, they should be modeled and considered simultaneously.

This approach has been referred to as a global optimization and its importance has been widely

assessed in the technical literature (Hoerger et al., 1999 ; Pimentel et al., 2010 ; Bodon et al., 2011 ;

Whittle, 2018). However, few researchers provide a mathematical framework to the problem while

others try to optimize the different components independently, generating sub-optimal solutions for

the mining complex as an entity. In the technical literature, the most common strategic mine planning

problem considers one open pit mine discretized into a set of blocks, one processing stream, and

one waste dump. The decision whether a block is considered as ore or waste material is commonly

made a priori, which is referred to as a cut-off grade policy (Lane, 1988). The objective is to find

a mining sequence that tells which blocks should be extracted and when so that the net present

value (NPV) is maximized while respecting both slope and resource constraints. This problem is

formulated as a knapsack problem (Kim, 1967 ; Johnson, 1969) and is considered NP-hard (Bienstock

and Zuckerberg, 2010), making solving real-sized instances computationally challenging and beyond

the limitation of current optimization methods. It goes without saying that incorporating additional

operational constraints to make the model more realistic complicates matters further (Cullenbine

et al., 2011). Over the decades, several solution approaches have been proposed. While some leverage

the particular structure of the problem to use exact methods (Boland et al., 2009 ; Bienstock and

Zuckerberg, 2010 ; Bley et al., 2010), others use heuristic and metaheuristic approaches (Ferland et al.,

2007). Chicoisne et al. (2012), Lamghari et al. (2015) and Moreno et al. (2017) developed methods

combining exact and approximate methods.

Despite the promising results of some of the methods mentioned above, they do not account for

the uncertainties inherent to the problem and assume a perfect knowledge of the information, which

leads to plans that fail to meet production forecasts (Baker and Giacomo, 1998). One of the main

uncertainty sources is the geological supply. The uncertain nature of the geological supply stems from

the fact that this information is inferred from limited drilling data and thus, cannot be fully known

at the time scheduling is made. This uncertainty must be accounted for in the optimization process

to generate reliable solutions that manage risk and maximize value (Ravenscroft, 1992 ; Dowd, 1994,

1997 ; Dimitrakopoulos et al., 2002). This issue was addressed by introducing a two-stage stochastic
optimization model (Birge and Louveaux, 1997) that finds the optimal extraction sequence over a set

of equally probable scenarios of the mineral deposit mined using spatial stochastic simulation methods

(Ramazan and Dimitrakopoulos, 2005, 2013).

Later, several major extensions of this model that account not only for uncertainty, but also for

optimizing the different components of the mining complex simultaneously in a single mathematical

formulation have been proposed. Goodfellow and Dimitrakopoulos (2016, 2017) developed a stochastic

integer nonlinear programming model that they solve with metaheuristics and that has the advantage

of being easily adaptable to a large variety of applications ; this includes the application by Kumar

and Dimitrakopoulos (2019), in which complex geo-metallurgical decisions are added to the destina-

tion policy and are applied to a large copper–gold mining complex. In a similar research vein, Montiel

and Dimitrakopoulos (2015, 2017) suggested heuristic solution approaches to optimize the strategic

production scheduling of a mining complex, incorporating operating alternatives for the transporta-

tion systems and processing modes. Zhang and Dimitrakopoulos (2018) find, by using a heuristic,

near optimal strategic and tactical plans for a mining complex while considering uncertainties in both

geological supply and the commodity prices. Considering the importance of moving towards the sustai-

nable development of mineral resources, Rimélé et al. (2018) propose a new formulation that considers

the management of mine waste and tailings. Before them, Zuckerberg et al. (2007), Ben-Awuah and



Les Cahiers du GERAD G–2021–17 2

Askari-Nasab (2011) and Li et al. (2016) addressed the topic of in-pit waste disposal ; however, they

did not consider geological uncertainty. Finally, Lamghari and Dimitrakopoulos (2019) propose a new

hyper-heuristic that combines elements from reinforcement learning and Tabu search to solve complex

stochastic scheduling problems arising in the mining industry.

Aiming to develop mathematical models that are closer to reality and more flexible, it is important

to recall that each stage of the mineral value chain in a mining complex represents an added value over

the previous one. It is therefore interesting to consider the different opportunities to invest at each of the

major stages and thus, make the very most of mining. In this context, Ahmed et al. (2003) and Boland

et al. (2008) have proposed a multi-period investment model for the capacity expansion problem under

uncertain demand and cost parameters. However, a different solution is proposed for each scenario

considered which is impractical. Goodfellow and Dimitrakopoulos (2016) extend the model introduced

in Godoy and Dimitrakopoulos (2004) and propose a formulation allowing the optimizer to make

new capital expenditure (CapEx) investments, such as purchasing new trucks or shovels, and thus,

choose the optimal mining rate. Farmer (2016) also includes CapEx and mining capacity decisions as

part of his model besides considering market uncertainty. However, the solution approach is a two-

step process in which the extraction sequence and the downstream variables are optimized separately,

leading to suboptimal solutions. Ajak et al. (2018) apply predictive data mining algorithms to forecast

the occurrence of clay and thus, create possible real options at an operational level that bring flexibility

to the management by dealing with clay uncertainty. Del Castillo and Dimitrakopoulos (2019) propose

a new method that allows the mining complex to have more flexibility by dynamically offering over

the life-of-the-mine (LOM) the possibility to make investments in strategic CapEx options, and thus,

better adapt to new information.

This research proposes a tractable model that provides practical solutions for the long-term pro-

duction scheduling of open pit mining complexes under multi-element geological uncertainty, where

CapEx options are considered in the formulation. The uncertainty here is related to the content of the

element(s) of interests and is illustrated by a set of equiprobable simulated geological scenarios of the

deposit. The proposed model is an extension of the model presented in Brika et al. (2019) to include

investment alternatives and is solved by using a decomposition method combined with heuristics.

The remainder of this paper is organized as follows. In Section 2, a mathematical model of open

pit mine production scheduling optimization that accounts for capital investment options under geo-

logical uncertainty is presented. Then, in Section 3, the solving approach implemented along with the

parallelization procedure is described, followed by an application in a multi-product iron ore deposit in

Section 4. Conclusions follow in Section 5.

2 Mathematical formulation

To depict metal uncertainty, a finite set of equally probable scenarios are considered as input for

the problem. Each scenario is a possible representation of the orebody’s geological profile. Thus, a

block could have different attributes depending on the scenario. The problem is then formulated as a

two-stage stochastic integer programming model (Birge and Louveaux, 1997). In the first stage, the

mining sequence and the blocks’ destinations are determined and the different investment decisions

as well. In the second stage, once the uncertainty is revealed, some violations could occur in terms of

meeting production requirements. At this point, corrective actions can be taken as recourse generating

some additional costs. Hence, the objective is to find a first-stage solution that would minimize the

cost of the second-stage solution. In what follows, the notation and the mathematical model used to

formulate the problem :
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2.1 Notations

Sets

B = {1 . . .B} Set of blocks
T = {1 . . .T} Set of time periods, which discretize the life of the mine
M = {1 . . .M} Set of processing plants
W = {1 . . .W} Set of waste dumps
D =M∪W= {1 . . .D} Set of destinations including the waste dumps and the processing plants. By defini-

tion, the first M elements of D will represent the processing plants {1 . . .M} and the
remaining elements the waste dumps. Thus, D= {1 . . .M,M + 1, . . . ,M +W}.

S= {1 . . .S} Set of possible scenarios of the orebody. Each scenario has the same probability of
occurrence and represents a different simulation of the geological profile of each block.

K= {1 . . .K} Set of investment options. The first M options correspond to investing in new cru-
shers. Each crusher’s type m is associated with a specific processing plant m. The two
remaining options refer to investing in shovels and trucks. It is important to mention
here that the fleets are considered homogeneous.

R = {1 . . .R} Set of ore properties (i.e. geological elements)

Γ+
b , Γ−

b Set of immediate successors and predecessors of block b, respectively

Parameters

pb,d,t,s Discounted profit obtained if block b is sent to destination d in period t under scenario
s. If the destination is a processing plant, the profit is equal to the value of the metal
content recovered of the block less the processing and selling costs. If the block is
sent to the waste dump, it is equal to 0. Note here that the mining cost of the block is
computed separately since processing and extraction could be done in different periods
and thus, be subject to different economic discounts

grb,s Grade of block b for element r under scenario s

Gmaxrm,t, Gmin
r
m,t Expected maximum and minimum grades for resource r sent to processing plant m at

period t
mcb,t Discounted cost of extracting a block b at period t
rcb,m,t Discounted cost of rehandling a block b from stockpiles to processing plant m at time t
cut and clt Discounted unit costs of upper and lower deviations from the ore tonnage targets
curt and clrt Discounted unit costs of upper and lower deviations from Gmaxrd,t and Gminr

d,t.

Qb Tonnage of block b.
db,d Approximative distance between a block b and destination d.
dsb,m,t Approximative distance between a block b and the stockpile associated with the mill

m and the processing time t.
Ck

t Discounted cost of investing in option k at period t.
κk Unitary extra capacity obtained by the purchase of investment k.
τk, λk Lead time and life of the equipment, respectively. The lead time is the time between

the equipment is purchased and when it becomes operational.
Nk Maximum number of equipment of type k to be purchased during the LOM.
tonnagekt Total tonnage capacity initially available for equipment of type k for period t.
timekt Time initially available for equipment of type k at period t.
η Maximum number of trucks that can be loaded by one shovel.
hk Number of hours available per equipment of type k per year.
vf, ve Speed of a truck when it is full and when it is empty, respectively.
loadtime Unitary time to load one ton on the truck

2.1.1 Variables

In long-term mine planning models, two types of binary variables are used : the “at time t” variables

and the “by time t” variables. Let yb,t be a binary variable that equals 1 if block b is extracted “at”

or “by” time t. In the first case, a constraint
∑T
t=1 yb,t = 1 must be used to ensure that block b is

extracted once. In the second one, if yb,t = 1 then yb,t′ = 1 ∀t′ = t + 1, . . . , T and the difference

yb,t − yb,t−1 is used to know when the block was extracted. Using the “by” variables rather than the

common “at” variables allows to represent both reserve and slope constraints as precedence constraints

in a weighted directed graph. This graph will be explained in the following subsection. In the linear

programming model presented in this paper, the by variables were used.
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yb,d,t ∈ {0, 1} Takes 1 if block b is completely extracted and sent to destination d by time t,
0 otherwise.

zb,m,t0,t1 ∈ {0, 1} Takes 1 if block b extracted and sent to stockpile by time t0 and then sent to processing
plant m at time t1 with (t0 < t1), 0 otherwise.

wk
i,t ∈ {0, 1} Takes 1 if the element i of option k was purchased by period t, 0 otherwise.

qum,t,s, qlm,t,s ∈ R+ Continuous variables representing respectively the upper and lower deviation from ore
tonnage production target at period t sent to processing plant m under scenario s.

qurm,t.s, ql
r
m,t.s ∈ R+ Continuous variables representing respectively the upper and lower deviation from pro-

duction target for propriety r at period t sent to processing plant m under scenario s.

2.1.2 Precedence graph

A precedence graph, noted G = (N ,A) , is presented in Figure 1. Using the “by” variables rather

than the common “at” variables allows to represent both reserve and slope constraints as precedence

constraints in this weighted directed graph, in which each node refers to a decision variable (y, zorw).

Each constraint of type α ≤ β is reflected in an arc (α, β), so if α = 1, then β = 1 and all the variables

associated with a node having node α as an ancestor will also be equal to 1. Artificial precedence

constraints have been created between destinations d and between variables y and z. These precedence

relationships do not affect the nature of the problem and ensure that each block is extracted at most

once. The following paragraphs describe these precedence relationships.

If block a is extracted and sent to destination d (where d is either a processing plant or a waste

dump, i.e. d = 1, . . . , D) by time t, then ya,d,t = 1. Knowing that the constraint ya,d,t ≤ ya,d+1,t in

the linear programming model presented in Section 2 will be associated with the arc (ya,d,t, ya,d+1,t),

then the variable ya,d+1,t = 1, and similarly ya,d′ , t = 1∀d′ ∈ {d+ 1, . . . D}. If block a was specifically

extracted during period t, then there is a destination d ∈ D such that ya,d,t − ya,d−1,t = 1 a and

ya,α,t − ya,α−1,t = 0∀α 6= d.

Figure 1 – Precedence constraints represented into a directed graph

If ya,d,t = 1, then ya,D,t = 1 and the arc (ya,D,t, za,1,t,t+1) means that za,1,t,t+1 = 1 and si-

milarly za,d,t,t′ = 1∀d ∈ {2, ..,M} and ∀t′ ∈ {t+ 1, .., T}. Moreover, ∀d ∈ {2, ..,M} and ∀t′ ∈
{t+ 1, .., T} , za,d,t,t′ − za,d−1,t,t′ = 0. In other words, if block a has been extracted specifically during

the period t and sent directly to a destination d ∈ D, then this block cannot be extracted and put

on a stockpile at period t in order to be sent to the processing plant d at the period t
′
. Conver-

sely, if ya,D,t = 0 but za,M,t,T = 1, then there is a d ∈ {2, ..,M} and a t
′ ∈ {t+ 1, .., T} such that

za,d,t,t′ − za,d−1,t,t′ = 1.
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In the precedence graph, there an arc (za,M,t,T , zb,M,t,T )∀a ∈ Γ−
b . These arcs represent the slope

constraints that ensure that a block cannot be mined if not all its direct predecessors (i.e. the blocks

directly above it in the geological block model) are already extracted. So, if za,M,t,T = 1, then each arc

(za,M,t,T , zb,M,t,T ) such that ∀a ∈ Γ−
b will force zb,M,t,T = 1, meaning that block b has been extract

either at period t or before block a.

Finally, in the linear programming model, each unit of a type of equipment k that could be purcha-

sed during the life of the mine is identified by a particular index i = 1, . . . , Nk. As each unit of equip-

ment k can only be purchased once, the precedence constraints associated with the arcs (w
k
i,t, w

k
i,t−1)

will make it possible to check these constraints.

2.2 Mathematical model

2.2.1 Objective function

(P) max
1

S

B∑
b=1

D∑
d=1

T∑
t=1

S∑
s=1

(pb,d,t,s −mcb,t)× y̌b,d,t (i)

+

{
1

S

B∑
b=1

M∑
m=1

T−1∑
t0=1

T∑
t1=t0+1

S∑
s=1

(pb,m,t1,s −mcb,t0 − rcb,m,t1)× žb,m,t0,t1

}
(ii)

− 1

S

M∑
m=1

T∑
t=1

S∑
s=1

R∑
r=1

(
curt qu

r
m,t.s + clrt ql

r
m,t.s

)
(iii)

− 1

S

M∑
m=1

T∑
t=1

S∑
s=1

(
cutqum,t,s + cltqlm,t,s

)
(iv)

−
K∑
k=1

Nk∑
i=1

T∑
t=1

ckt w̌
k
i,t (v)

where :

y̌b,d,t =


yb,1,1, ∀b ∈ B, d = 1, t = 1

yb,1,t − zb,M,t−1,T , ∀b ∈ B, d = 1, t = 2 . . . T

yb,d,t − yb,d−1,t, ∀b ∈ B, d = 2 . . . D, t = 1 . . . T

žb,m,t0,t1 =


zb,1,t0,t0+1 − yb,D,t0 , ∀b ∈ B,m = 1, t0 = 1 . . . T − 1, t1 = t0 + 1

zb,1,t0,t1 − zb,M,t0,t1−1, ∀b ∈ B,m = 1, t0 = 2 . . . T − 1, t1 = t0 + 2 . . . T

zb,m,t0,t1 − zb,m−1,t0,t1 , ∀b ∈ B,m = 2 . . .M, t0 = 1 . . . T − 1, t1 = t0 + 1 . . . T

and :

w̌ki,t =

{
wki,1, ∀k = 1 . . .K, i = 1 . . . Nk, t = 1

wki,t − wki,t−1, ∀k = 1 . . .K, i = 1 . . . Nk, t = 2 . . . T

The objective function presented herein is composed of five parts. Each part represents a different

goal :

(i) The first part aims to maximize the profits obtained by selling the blocks that were processed

immediately after their extraction (i.e. without passing by a stockpile).

(ii) The second part represents the profits by selling the blocks that were first extracted and then sent

to a stockpile before being processed in later periods.

(iii) The third part focuses on minimizing the deviations from the different production grade targets

by penalizing them, a geological risk discounting factor (Ramazan and Dimitrakopoulos, 2013)

is applied to the costs curt and clrt to defer risk to later periods.
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(iv) Similarly, the fourth part aims to minimize the deviations from the ore tonnage production targets

and an economical discounting factor is also applied to the costs cut and clt.

(v) The fifth part ensures the minimization of capital expenditure costs.

2.2.2 Constraints

zb,M,t−1,T ≤ yb,1,t, ∀b ∈ B, t = 2 . . . T (1a)

yb,d−1,t ≤ yb,d,t, ∀b ∈ B, d = 2 . . . D, t = 1 . . . T (1b)

yb,D,t ≤ zb,1,t,t+1, ∀b ∈ B, t = 1 . . . T − 1 (1c)

zb,m−1,t0,t1 ≤ zb,m,t0,t1 , ∀b ∈ B,m = 2 . . .M, t0 = 1 . . . T − 1, t1 = t0 + 1 . . . T (1d)

zb,M,t0,t1−1 ≤ zb,1,t0,t1 , ∀b ∈ B,m = 2 . . .M, t0 = 1 . . . T − 1, t1 = t0 + 2 . . . T (1e)

Constraints (1) represent the reserve constraints, ensuring that a block cannot be mined and pro-

cessed more than once during the lifetime of the mine.

wki,t−1 ≤ wki,t, ∀k = 1 . . .K, i = 1 . . . Nk, t = 2 . . . T (2)

Simirarly, constraint (2) ensures that an equipment cannot be purchased more than once.

za,M,t,T ≤ zb,M,t,T , b ∈ B, a ∈ Γ−
b , t = 1 . . . T − 1 (3a)

ya,D,T ≤ yb,D,T , b ∈ B, a ∈ Γ−
b (3b)

Constraints (3) represent the slope constraints that ensure that a block cannot be mined if not all

its direct predecessors (i.e. the blocks directly above it) are already extracted.

B∑
b=1

Qb × y̌b,m,1 − qum,1,s ≤tonnagemt +

Nm∑
i=1

t−τm∑
p=max(1,t−(τm+λm))

κmw̌mi,p,

∀m = 1 . . .M, t = 1, s = 1 . . . S (4a)

B∑
b=1

Qb × (y̌b,m,t +

t−1∑
t0=1

žb,m,t0,t)− qum,t ≤tonnagemt +

Nm∑
i=1

t−τm∑
p=max(1,t−(τm+λm))

κmw̌mi,p,

∀m = 1 . . .M, t = 2 . . . T, s = 1 . . . S (4b)

B∑
b=1

Qb × y̌b,m,1 + qlm,1,s ≥tonnagemt +

Nm∑
i=1

t−τm∑
p=t−(τm+λm)

κmw̌mi,p,

∀m = 1 . . .M, t = 1, s = 1 . . . S (5a)

B∑
b=1

Qb × (y̌b,m,t +

t−1∑
t0=1

žb,m,t0,t) + qlm,t ≥tonnagemt + +

Nm∑
i=1

t−τm∑
p=t−(τm+λm)

κmw̌mi,p,

∀m = 1 . . .M, t = 2 . . . T, s = 1 . . . S (5b)

Constraints (4) and (5) state that the total tonnage of the processed material plus or minus de-

viations must be within the upper and lower bound of the ore tonnage targets. If some crushers are

bought, then a margin is added to the upper bound since the processing capacity is augmented.
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B∑
b=1

Qb ×
(
grbs −Gmax

r
m,t

)
×y̌b,m,1 − qurm,1.s ≤ 0,

∀m = 1 . . .M, t = 1, s = 1 . . . S, r = 1 . . . R (6a)

B∑
b=1

Qb ×
(
grbs −Gmax

r
m,t

)
×

(
y̌b,m,t +

t−1∑
t0=1

žb,m,t0,t

)
− qlm,t,s ≤ 0

∀m = 1 . . .M, t = 2 . . . T, s = 1 . . . S, r = 1 . . . R (6b)

B∑
b=1

Qb ×
(
grbs −Gmin

r
m,t

)
×y̌b,m,1 + qlrm,1.s ≥ 0,

∀m = 1 . . .M, t = 1, s = 1 . . . S, r = 1 . . . R (7a)

B∑
b=1

Qb ×
(
grbs −Gmin

r
m,t

)
×(y̌b,m,t +

t−1∑
t0=1

žb,m,t0,t) + qlrm,t.s ≥ 0,

∀m = 1 . . .M, t = 2 . . . T, s = 1 . . . S, r = 1 . . . R (7b)

Constraints (6) and (7) ensure that the resulted grades of the extracted material plus or minus

deviations are within the upper and lower ranges.

B∑
b=1

Qb×

(
D∑
d=1

y̌b,d,t +

T∑
p=t+1

M∑
m=1

žb,m,t,p

)
≤ tonnageshovelt

+

Nshovel∑
i=1

t−τshovel∑
p=max(1,t−(τshovel+λshovel))

κshovelw̌shoveli,p , ∀t = 1 . . . T − 1 (8a)

B∑
b=1

Qb×
D∑
d=1

y̌b,d,t ≤ tonnageshovelt

+

Nshovel∑
i=1

t−τshovel∑
p=max(1,t−(τshovel+λshovel))

κshovelw̌shoveli,p , t = T (8b)

Constraints (8) ensure that the tonnage of extracted material does not exceed the mining capacity. If

some shovels are bought, then the mining capacity is augmented.

B∑
b=1

D∑
d=1

Qb×
[

1

κtruck
× db,d ×

(
1

vf
+

1

ve

)
+ loadtime

]
× y̌b,d,t

≤ timetruckt + htruck ×
Ntruck∑
i=1

t−τtruck∑
p=max(1,t−(τtruck+λtruck))

w̌trucki , p, t = T (9a)

B∑
b=1

D∑
d=1

Qb×
[

1

κtruck
× db,d ×

(
1

vf
+

1

ve

)
+ loadtime

]
× y̌b,d,t

+

B∑
b=1

(
T∑

p=t+1

M∑
m=1

Qb ×
[

1

κtruck
× dsb,m,p ×

(
1

vf
+

1

ve

)
+ loadtime

]
× žb,m,t,p

)

≤ timetruckt + htruck ×
Ntruck∑
i=1

t−τtruck∑
p=max(1,t−(τtruck+λtruck))

w̌trucki,p , ∀t = 1 . . . T − 1 (9b)

Constraints (9) ensure that the time required to load the blocks and send them to their respective

destinations during a period does not exceed the trucks’ total availability time.
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3 Solution approach

The solution approach presented herein is a three-step method. Section 3.1 illustrates the first step

which consists in solving optimally the linear relaxation of the problem (LP) described in the previous

section using the Bienstock-Zuckerberg algorithm. The second step described in Section 3.2 is a greedy

heuristic that takes the fractional solution provided by Step 1 as input and rounds it, while ensuring

that no hard constraints are violated. The last and third step presented in Section 3.3, consists in

applying a Tabu search heuristic to improve the quality of this new integer solution. To explore the

different neighborhoods, parallelization technics are used to speed up the computational time.

3.1 Solving the linear relaxation

If all the side constraints were relaxed and only the integrity and precedence constraints were

maintained, the problem (P) could be treated as a maximum closure problem applied to the previous

graph and can be solved in polynomial time (Hochbaum, 2008). The Bienstock-Zuckerberg algorithm

(Bienstock and Zuckerberg, 2010) takes advantage of this particular structure to solve efficiently the

problem. The main idea behind the algorithm is to use the Lagrangian relaxation and iteratively

replace, until reaching convergence, the Lagrangian multipliers that penalize the violation of the relaxed

constraints in the objective function. The algorithm alternates between two steps. At a given iteration,

first, a maximum closure problem is solved, and a new partition (nodes in the closure and those out

of the closure) is obtained and then intersected with the previous ones to get a new partition. Second,

the resulting new partition allows to reduce the number of variables in the LP by forcing variables

whose nodes belong to the same group in the partition to be equal and then, be treated as a single

variable while preserving the individual properties over all scenarios. Once the LP is solved, the dual

variables of the side constraints aim to update the Lagrangian multipliers. The same process is repeated

until it converges, and an optimal solution for the LP is then obtained (for more details, see Munoz

et al., 2018).

3.2 Finding a feasible integer solution

Starting from the fractional solution obtained at the first step described in Section 3.1, the second

step consists in finding a feasible integer solution with a relatively good quality. In what follows, the

whole process is detailed :

Step 0 : A weighted Toposorting is applied to obtain a sequence of extraction. It consists in sorting the
blocks in a sequence {b1, b2, . . . , bn} with respect to a weight vector w where (bi, bi+1) satisfies

either {bi predecessor of bi+1} or {wi < wi+1}. The weight vector w can be calculated as the

“expected” time of extraction for block b based on the optimal solution of the LP obtained at

the first step. For further details, the reader is referred to Brika et al. (2018) since a similar

sorting is used.

Step 1 : The fractional solution is simply rounded to the closest integer values. Thus, a new integer

solution is obtained. However, it is important to mention that for the equipment variables, the

two closest integer values are tested. Since the process is very fast (few seconds) and the number

of combinations remains limited, the different options can be tested and only the best one is

retained. Once the rounding is done, the solution obtained does respect the slope constraints but

not necessarily the resources constraints. For each block, the extraction period, the processing

period and the destination obtained by rounding the fractional are set as default values.

Step 2 : Starting with period 0 up to the last period, as long as at least one hard constraint is violated,

the extraction of some blocks is delayed while favouring the postponement of those that arrive

later in the sorted sequence as shown in Figure 2.

Step 3 : A second round is done to improve the quality of current solution. Following the same

Toposort ordering, the blocks are moved one by one from a period to another and a destination
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to another so that the Objective function’s value is maximized while respecting all the hard

constraints.

Figure 2 – Repairing the solution by postponing the extraction of some blocks

3.3 Improving the solution

The purpose of the last step is to improve the quality of solution obtained in Section 3.2 by applying

a Multi-Neighborhood Tabu Search (MNTS) for each period. At a given iteration p, one neighborhood

is formed by postponing to p + 1 the extraction of blocks originally scheduled in period p. Another

consists in pushing forward to p the extraction of blocks originally scheduled in period p+1. The same

changes could be done for the processing time. In addition to changing the periods, each neighborhood

is expanded by the possibility of changing the destinations. It goes without saying that only neighbors

that respect the hard constraints (i.e. precedence constraints and equipment availability) are retained.

Creating the different neighbourhoods is a computationally intensive task and doing it for each

period only makes things worse. A parallelization strategy is then implemented to reduce the running

time spent searching the neighbourhoods. It consists in launching multiple threads simultaneously

that run independently with a specific neighbourhood, and then synchronized to share the best moves

found so far. To ensure that the search step in each thread is perfectly independent, the neighborhoods

are built so that a given period cannot be affected in more than one thread at once. More formally,

each Tabu Search thread (TST ) is associated with two successive periods (p, p+ 1). The first thread

TST (1,2) will make moves between periods (1,2), TST (3,4) between periods (3,4) and so on until the

last two periods. Also, at TST (p,p+1), a destination change cannot be done if not both extraction

and processing time occur between p and p+ 1. Annexe 1 summarizes all the neighbours that can be

explored inside a given thread TST (p,p+1). Each TST is initialized with the same solution and runs

independently a Tabu search exploring the associated neighborhoods until reaching a stop criterion.

Once all the TST have finished their running, all the best moves are applied to the initial solution.

Then, to explore more solutions, a second round should be done with threads TST (2,3), TST (4,5), etc.

The general framework of the algorithm is shown in Figure 3.

4 Numerical results

4.1 Implementation

The aforementioned model is coded in C++ and the tests were run on an Intel (R) Core (TM)

i5-8250U CPU computer (1.60 GHz) with 8 GB of RAM operating under Windows 10 environment.

Recall that the first step consists in solving the linear relaxation to optimality. This step alternates

between solving a linear problem with CPLEX 12.7 using default settings and solving the maximum

closure problem with the pseudo flow algorithm introduced by Hochbaum, 2008. The second step which

is a rounding heuristic does not need any parameter. Finally, as a third step, the Tabu search needs

three parameters to be set. The size of the Tabu list is fixed at 0.6N where N is the approximative

number of blocks that can be moved at each iteration (i.e. the blocks located in the inner and outer

borders for a given period). The second parameter is the stop criterion. It represents the maximum

number of successive non-improving iterations and was fixed to N. These two values were defined based

on preliminary tests. The third parameter represents the number of threads to use. Different values

were tested in order to assess the usefulness of the parallelization. However, it is worth mentioning

that having more threads than available cores in the computer used is meaningless.
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Figure 3 – The multi-neighborhood Tabu search process

4.2 Data

The data set consists of one multi-product iron open pit mine deposit of 33168 blocks (25 x 25 x 2

meters). Two elements of interest are considered : Iron (Fe) and Silica (SiO2). The mining complex

considers multiple destinations including stockpiles, waste dumps and different processing facilities.

No cut-off is used, the optimizer decides where to send each block. The grade requirements were given

by the companies as well as the initial mining capacity and the ore tonnage targets. To depict the

in-situ variability, 10 equiprobable geological simulations were used for each instance (Boucher and

Dimitrakopoulos, 2009 ; Godoy, 2003). Regarding the penalties, they were fixed by trial-and-error.

Table 1 shows the mining and economic parameters of the case study and Table 2 illustrates the

different production targets and requirements for each processor.

Table 1 – Mining and economical parameters of the Iron mine

Parameters Value

Mining Cost ($/t) 5.0
Stockpile reclaim cost ($/t) 0.5
Initial mining capacity (Mt) 16
Discount rate (%) 10
Ore tonnage penalty cost ($/t) 25.0
SiO2 penalty cost ($/t) 10.0
Fe penalty cost ($/t) 10.0
Life time of the mine (years) 5

Table 2 – Products’ requirements

Parameters Processor 1 Processor 2

Final product price ($/t) 30.00 26.00
Processing cost ($/t) 6.00 5.00
Fe grade target (%) [57.7, 59.6] [56.0, 58.7]
SiO2 grade target (%) [4.6, 5.2] [4.1, 5.0]
Recovery rate (%) 100
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4.3 Investment options

Integrating the CapEx alternatives adds some flexibility to the model by offering the possibility

to increase both extraction and processing capacities. Four CapEx options are considered in this case

study :

1. Invest in new trucks and thus, increase extraction capacity.

2. Invest in new shovels and thus, increasing extraction capacity if linked to available trucks.

3. Invest on a new crusher that allows increasing the processing capacity at the first processor.

4. Invest on a new crusher that allows increasing the processing capacity at the second processor.

Information about each of the CAPEX options are summarized in Table 3 :

Table 3 – Information about each investment option

Truck Shovel Crusher of
Processor 1

Crusher of
Processor 2

Purchase price ($) 480,000.00 3,200,000.00 4,500,000.00 4,500,000.00
Life of equipment (years) 6 10 15 15
Lead time (years) 1 1 2 2
Maximum to purchase 5 2 1 1
Initial capacity 22,000 machine-hour

/ year
16Mt / year 8 ; 6 ; 6 ; 3.3 ; 4.2 Mt

for year 1, 2, . . . 5
respectively

6 ; 4 ; 4 ; 5 ; 2.5 Mt
for year 1, 2, . . . 5

respectively
Extra capacity per unit
purchased

180t per loading,
7,300 machine-hour

/ year

10 Mt 1 Mt 1 Mt

Speed (km/h) 40 empty /30 full − − −

4.4 Results

4.4.1 Running times and optimality gaps

Table 4 shows results of running the proposed methodology on the case study presented earlier.

Solving the linear relaxation with the Bienstock-Zuckerberg (BZ) algorithm converges quickly and

reaches optimality after 6 minutes. Then, the fractional solution is first rounded to the closest inte-

gers (SR) and then this solution is repaired and improved by applying the rounding heuristic (RH) and

the tabu search heuristic (MNTS). Both heuristics are fast (few seconds). The first one provides an

integer solution within a gap of 64.5% when compared to the optimal solution of the linear relaxation.

The second rounding heuristic improves it to reach a gap of 2%. After applying the Tabu search, the

final gap is around 1.5%. The running time of the latter depends on the number of threads used in the

parallelization process.

Table 4 – Running times and optimality gaps

BZ SR RH MNTS
Time Gap(%) Time Gap (%) Diff (%) Time Gap (%) Diff (%) Time Gap (%) Diff (%)

6 min 0.0 4 s 64.5 − 5 s 2.0 62.5 6− 16 min 1.5 0.5

Table 4 indicates that the second rounding heuristic has the biggest impact in terms of improving

the solution quality. By contrast, the Tabu search seems to have a very limited impact while being

the most time consuming. Its poor performance can be explained by two reasons. First, the solution

provided by the rounding step has already a very small gap. It becomes easier to be stuck in local

optima. Second, to not exclude potential good solutions, the neighbourhood at each iteration is kept

very large. Exploring all neighbours takes time.
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4.4.2 Comparing running time with different threads

The gains obtained by adding the parallelization to the Tabu search algorithm in terms of running

times are illustrated in Figure 4 :

Figure 4 – Parallelization effects

As noted in Section 4.1, the used machine has only 4 cores. For this reason, the maximum number

of threads tested is four. Furthermore, since only five years of production are considered, and each

thread affects a distinct pair of years, the maximum number of pairs to evaluate simultaneously is

three. Thus, considering more than three threads becomes is meaningless. Overall, for the proposed

implementation, the search is executed twice faster using three threads than using a single threading.

4.4.3 Effect of adding investment options

The solver decided to invest in two new crushers at the first period : one for each processor. The

effects of this acquisition in terms of ore tonnage can be observed in Figure 5 and Figure 6 starting

from the third year considering there is a lead time of two years. Overall, at both processors, the ore

tonnage production increases by 16−40% when compared with the basic model that does not consider

CapEx alternatives in the optimization process.

Figure 5 – Ore tonnage production at processor 1

The benefits are also reflected in the cumulative NPV of the project as it can be seen in Figure 7.

The two curves represent the cumulative NPVs of the models with and without CapEx alternatives.

It can be observed that during the first three years, the curve of the model considering the options

is below the basic model’s one. This is explained by the cost of the two crushers’ acquisition. This

difference is then offset by a higher production. Adding flexibility to the model ultimately resulted in

a 6% higher NPV.
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Figure 6 – Ore tonnage production at processor 2

Figure 7 – Cumulative NPV with and without CapEx alternatives

5 Conclusions

In this paper, a new stochastic model is developed to integrate flexibility into the long-term sche-

duling optimization process of open pit mine deposits. This flexibility is reflected in the possibility of

increasing the extraction capacity through purchasing new trucks and shovels and/or the processing

capacity by acquiring new crushers. The solution approach proposed by Brika et al. (2019) has been

extended to consider CapEx alternatives. Among other things, repairing steps had been added to the

rounding heuristic to handle the hard constraints induced by including the equipment. A paralleli-

zed multi-neighbourhood Tabu search algorithm has also been implemented to efficiently improve the

solution provided by the rounding heuristic.

A case study is presented at an iron open pit mining complex comprised of one pit with two possible

processing destinations, waste dump and stockpiles. Results show that the algorithm performs well.

An integer solution within an optimality gap of 1.5% is obtained in reasonable time (12− 22 minutes

in total). The parallelization also managed to reduce the running time proportionally to the number

of threads used until a certain limit. In terms of mining operations, results show that investing in a

secondary crusher in the first year for both processors represents an overall increase in NPV of over 6%,

as compared to the basic model without investment alternatives.

In a future study, the proposed method should be tested on bigger instances to better assess its

robustness. In addition, since the Tabu search’s performance was debatable, it would be interesting to

refine the way the neighborhoods are built to reduce their sizes, and thus speed up the process. Not
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fixing the CapEx alternatives at this step could also be considered in order to observe more significant

effects on the solution value. Finally, future work will also focus on extending the formulation to include

heterogeneous fleets.
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