Les Cahiers du GERAD

ISSN: 0711-2440

Quasi-maximum likelihood for estimating
structural models

M. Ben-Abdellatif, H. Ben-Ameur,
R. Chérif, T. Fakhfakh

G-2021-11
March 2021

La collection Les Cahiers du GERAD est constituée des travaux de
recherche menés par nos membres. La plupart de ces documents de
travail a été soumis a des revues avec comité de révision. Lorsqu'un
document est accepté et publié, le pdf original est retiré si c'est
nécessaire et un lien vers I'article publié est ajouté.

Citation suggérée : M. Ben-Abdellatif, H. Ben-Ameur, R. Chérif,
T. Fakhfakh (Mars 2021). Quasi-maximum likelihood for estimating
structural models, Rapport technique, Les Cahiers du GERAD
G-2021-11, GERAD, HEC Montréal, Canada.

Avant de citer ce rapport technique, veuillez visiter notre site Web
(https://www.gerad.ca/fr/papers/G-2021-11) afin de mettre a
jour vos données de référence, s'il a été publié dans une revue sci-
entifique.

The series Les Cahiers du GERAD consists of working papers
carried out by our members. Most of these pre-prints have been
submitted to peer-reviewed journals. When accepted and published,
if necessary, the original pdf is removed and a link to the published
article is added.

Suggested citation: M. Ben-Abdellatif, H. Ben-Ameur, R. Chérif,
T. Fakhfakh (March 2021). Quasi-maximum likelihood for estimat-
ing structural models, Technical report, Les Cahiers du GERAD
G-2021-11, GERAD, HEC Montréal, Canada.

Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2021-11) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grace
au soutien de HEC Montréal, Polytechnique Montréal, Université
McGill, Université du Québec a Montréal, ainsi que du Fonds de
recherche du Québec — Nature et technologies.

Dépét légal — Bibliothéque et Archives nationales du Québec, 2021
— Bibliotheque et Archives Canada, 2021

The publication of these research reports is made possible thanks
to the support of HEC Montréal, Polytechnique Montréal, McGill
University, Université du Québec a Montréal, as well as the Fonds de
recherche du Québec — Nature et technologies.

Legal deposit — Bibliothéque et Archives nationales du Québec, 2021
— Library and Archives Canada, 2021

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2021-11
https://www.gerad.ca/en/papers/G-2021-11
https://www.gerad.ca/en/papers/G-2021-11

Quasi-maximum likelihood for estimating structural mod-

els

Malek Ben-Abdellatif @

Hatem Ben-Ameur ' P

Rim Chérif 2
Tarek Fakhfakh ¢

2 Département de sciences de la décision, HEC
Montréal, Montréal (Québec), Canada

b GERAD, Montréal (Québec), Canada
€ Finance Department, FSEG Sfax, Sfax, Tunisia

malek.ben-abdellatif@hec.ca
hatem.ben-ameur@hec.ca
rim.cherif@hec.ca
tarakfakhfakh@gmail.com

March 2021
Les Cahiers du GERAD
G-2021-11

Copyright (© 2021 GERAD, Ben-Abdellatif, Ben-Ameur, Chérif, Fakhfakh

Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n’engagent que la responsabilité de leurs auteurs. Les
auteurs conservent leur droit d'auteur et leurs droits moraux sur leurs
publications et les utilisateurs s'engagent a reconnaitre et respecter
les exigences légales associées a ces droits. Ainsi, les utilisateurs:
o Peuvent télécharger et imprimer une copie de toute publica-
tion du portail public aux fins d'étude ou de recherche privée;
e Ne peuvent pas distribuer le matériel ou I'utiliser pour une
activité a but lucratif ou pour un gain commercial;
e Peuvent distribuer gratuitement I'URL identifiant la publica-
tion.
Si vous pensez que ce document enfreint le droit d'auteur, contactez-
nous en fournissant des détails. Nous supprimerons immédiatement
I'acces au travail et enquéterons sur votre demande.

The authors are exclusively responsible for the content of their re-
search papers published in the series Les Cahiers du GERAD. Copy-
right and moral rights for the publications are retained by the authors
and the users must commit themselves to recognize and abide the
legal requirements associated with these rights. Thus, users:
e May download and print one copy of any publication from the
public portal for the purpose of private study or research;
o May not further distribute the material or use it for any profit-
making activity or commercial gain;
o May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



Les Cahiers du GERAD G-2021-11 ii

Abstract : The structural model of Merton (1974) gives rise to multiple applications and extensions
in corporate credit-risk analysis. The estimation of this framework poses a major challenge as its
underlying state variable (the firm’s asset value) is not directly observable. Since Duan (1994), max-
imum likelihood has become the benchmark to estimate structural models where corporate securities
are valued in closed form. We propose a quasi-maximum likelihood (QML) approach that remains
appropriate even when the explicit approach is unachievable. QML is highly flexible and effective. To
assess our construction, we conduct an empirical investigation, highlight the credit-spread puzzle, and
discuss a remedy via bankruptcy costs.

Keywords: Structural model, corporate securities, estimation, maximum likelihood, quasi-maximum
likelihood
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1 Introduction

The aim of this paper is to estimate complex structural models used for corporate credit-risk analysis.
Duan (1994) developed a maximum likelihood (ML) approach to estimate Merton’s (1974) model.
Since then, the literature has reported several adaptations of ML used when corporate securities can
be valued in closed form. We propose a quasi-maximum likelihood (QML) approach that remains
appropriate even when the explicit approach is unachievable. QML alternates between stochastic
dynamic programming (SDP) and maximum likelihood (ML) to jointly solve and estimate structural
settings.

The main difficulty in estimating structural models lies in the fact that their common state process
(the firm’s asset value) is not directly observable. The literature prior to Duan (1994 and 2000) reports
several ad-hoc estimation procedures. The proxy approach combines market and accounting values of
corporate securities as well as the historical and the implicit approaches to infer the model’s unknown
parameters (Brockman and Turtle 2003, Leland 2004, Bharath and Shumway 2008, Huang and Huang
2012, and Afik et al. 2016). The proxy approach suffers from a major drawback in that accounting
values of corporate securities are not enough sensitive to changes in the firm’s credit quality. The
restricted volatility approach builds on equations that associate the non-observable firm’s asset value
and its volatility with the observable firm’s equity value (market capitalization) and its volatility (Jones
et al. 1984, Ronn and Verma 1986, Ogden 1987, Delianedis and Geske 2001 and 2003, Eom et al. 2004,
Vassalou and Xing 2004, Hull et al. 2005, Chen et al. 2006, Charitou et al. 2013). The restricted
volatility approach presents a shortcoming as it is specific to the lognormal assumption.

The ML approach of Duan (1994) has given rise to several empirical investigations (Wang and Suo
2006, Li and Wong 2008, and Lee et al. 2015) and analytical modifications under 1- Merton’s (1974)
model (Duan et al. 2004 and 2005, Duan and Fulop 2009, and Jovan and Ah¢an 2017), 2— Leland’s
(1994) model (Ericsson and Reneby 2004 and 2005 and Forte and Lovreta 2012), 3— Brockman and
Turtle’s (2003) model (Wong and Choi 2009 and Dionne and Laajimi 2012), and 3— Black and Cox’
(1976) model (Wong and Li 2006 and Amaya et al. 2019). When ML is unachievable, less demanding
statistical principles are used, that is, 1- simulated ML (Bruche 2005), 2- GMM (Li et al. 2004, Hsu
et al. 2010, and Huang et al. 2020), and 3— MCMC (Korteweg and Polson 2009 and Huang and Yu
2010).

We propose a quasi-maximum likelihood (QML) approach that accommodates alternative state
processes and balance-sheet components. QML works as follows:

Derive the quasi-likelihood function;
Set a value for the vector of the model’s unknown parameters;

Use a numerical procedure and solve the model (stochastic dynamic programming is used herein);

- W

Extract the pseudo-time series of the firm’s asset value in accordance with its associated time
series of the firm’s equity value;

o

Compute the value of the quasi-likelihood function;

6. Go to step 2 and repeat until the quasi-likelihoood function reaches a maximum (MADS algorithm
is used herein).

QML is highly flexible and effective. To assess our construction, we use Monte Carlo simulation and
show that QML and ML are consistent when the likelihood function is known in closed form. Then, we
consider a Geske-like (1977) model, where ML is unachievable, and conduct an empirical investigation
of a speculative-grade corporate debt, while its actual payment schedule is fully respected. We evaluate
the firm’s corporate securities, compute its yield spreads, and report its term structure of default
probabilities. The findings show that the debt’s yield spreads remain under-valued, as documented in
the literature on the structural model and the credit-spread puzzle. Finally, we consider bankruptcy
costs as a remedy.
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The rest of this paper is organized as follows. Section 2 presents the QML approach and Section 3
reports a case study. Section 4 concludes.

2 The QML approach

2.1 The model

Let 6 be the vector of estimable parameters that characterize the Markov state process A (the firm’s
asset value), and assume that the conditional density function of A4, given A; = a;, for u > ¢, indicated
by fa, .o (.| at), is a known explicit function under the physical probability measure P. Since the firm’s
equity is interpreted as a financial derivative on A, its value function can be written as

& (a), fortePanda>0,

where P = {O, LT .TD} is the set of evaluation dates and a = A; the level of the state variable
at time t. Dates 0 and T are the first and last observation dates of the firm’s equity value (market
capitalization), while date T is the maturity of the firm’s debt portfolio. Date T also represents the
present date. This scheme refutes new debt issuance over [O, TP ]

We propose a structural model that accommodates arbitrary interest and capital payment sched-
ules, multiple seniority classes, and several intangible corporate securities. For all t € P and a = Ay,
the firm’s balance-sheet equality verifies

a+TB; (a) — BC, (a) = D; (a) + D] (a) + & (a) , (1)

where TB represents tax benefits, BC bankruptcy costs, D* the senior debt, D7 the junior debt,
D?® + D3 = D the debt portfolio, and £ the firm’s equity. Tax benefits, bankruptcy costs, and the total
value of the firm, that is, the left-hand side of eq. (1), are defined consistently with Leland (1994).
We use stochastic dynamic programming (SDP), solve the model under the risk-neutral probability
measure, and provide (convergent) piecewise linear interpolations for the value functions of these
corporate securities, indicated by P

TB, BC, D, and €.

For a fixed 6, the SDP value function of the firm’s equity at time ¢ € P and a = A; can be written as

& (a) = Z (o 4 Bia) I (2 < a < @iy1), (2)

K2

where the z;’s are (known) evaluation nodes, the «;’s and 3;’s are the (known) local coefficients of
the linear interpolation g't, and I is the indicator function. For ease of notation, we omit to index the
a;’s, Bi’s, and the z;’s by 6 and ¢ € P. SDP is highly flexible in that it accommodates alternative
balance-sheet components and state-space dynamics (Ayadi et al. 2016 and Ben-Ameur et al. 2016
and 2020).

The default event at time ¢ € P can be expressed as
e=¢& (a) =0 if, and only if, a = A; < b, (3)

where b; € Ry is the endogenous default barrier at time ¢ € P. The default barriers are null at
non-payment dates. For e > 0 and a = & ()" > by, the one-to-one transformation & gives

e=¢&(a) if andonlyif, a=& () ". (4)

The distribution of &; is continuous everywhere except on zero, where the mass function indicates the
probability of default.
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2.2 The likelihood function
The likelihood function associated to the observed time series (eg,...,er) of the Markov process & is
L(0|eo,... er)
T
= feo.0 (€0) X thl fevo(er | ei1)
T
= thl feoo (e | ei1),

where fg, 9 (. | e,—1) is the (unknown) conditional density function of & given &_1 = e;—1 under the
physical probability measure, with the convention that fe, ¢ (e9) = 1. Since only surviving companies
are observed in stock markets, the terms f¢, ¢ (0] e;—1), for t € P, never contribute to the likelihood
function.

For e > 0, the conditional cumulative density function of & given &_1 = e;_1 verifies
Fe,,(e|e1) — Fe,, (0] e—1)

=Fe,(elen) = Fe,(0]ern)
:P(0<gt §e | et,l)

=P (bt <A <G (e)_l | at—l)
=Fa, (575 ()| 8t—1> —Fe,, (0] er—1),

given Equations (3)—(4). By differentiation with respect to e > 0, one has

feo(e|er—1)

= faco (€71 (e) [arm1) x £ (e)
~ fae(al]ai—1)

a &)

for e > 0 and a = & ' (e) > b;. This results in the (straight) likelihood function

“9'60"'-@1_[?_1]%’ (5)

where a; = 6’[1 (e¢) > by is the pseudo-observation associated with the observation e; > 0, and &; (at)'
is the derivative of &; evaluated at ay, for t € P.

The likelihood expression in Equation (5) can be reworked otherwise if we consider the Gaussian
Markov process Z; = log (A;) as a state variable. The same arguments give

T fz,02 | z-1]
L(0]eg,...,er) = e 6
Ol co.en) =, P02 )
where zg = log (ap) , ..., 2r = log (ar) are the pseudo-observations.
It is worth noticing that the joint distribution of A evaluated at (aq,...,ar), that is,

fao.6 (ag) x Hthl fa,oar|ar-1),

cannot play the role of a likelihood function, as assumed by Duan (1994), since the pseudo-observations
agp, . . ., ar are not (directly) observable. Duan (2000) reports a correction under Merton’s setting. The
general expressions in Equations (5)—(6) hold for all structural settings where the firm’s asset value is
the sole state variable.
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The fact that we only observe surviving companies results in a lack of information under the default
event, which results in a survival bias. The likelihood function can be adjusted consequently, as follows:

£(9|eo,...,eT)

T
= thl f€t7‘9 (et | eir—1 and & > 0)

_ HT fSt,G (et | etfl)
t=1 P(gt >0 | et_l)’

which can be written as

T fA 0 (CLt | at—l)
L0 ]eo,....er)= b , 7
0] eo,...,er) thl BTA, > by | ar] x & (ar) (7)

or, equivalently,

T fz,0 2| 2—1]
Lo ... en)= . .
( | 0 eT) Ht:l ]P)[At > bt | at,l] X ay X St (at)/

2.3 Resolution

For a fixed value of 8, we exchange the value functions of corporate securities, the default barriers,
and the pseudo-observations by their SDP counterparts, and compute the quasi-likelihood function L.
In particular, one has R

& (a)" = Bi, where a; € (x4, Ti41],

given the SDP firm’s equity value in Equation (2). The fact that & isn’t continuous on the SDP
evaluation nodes is not really a big issue since the a;’s and the x;’s almost surely don’t match.

The rest consists of solving the likelihood equation
GML — arg m@in —log L, 9)
given the observed time series eg, ..., er. This optimization problem is complex to achieve as L isn't

an explicit expression of 8. We use the mesh adaptive direct search (MADS) algorithm of Audet and
Dennis (2006) to achieve this task. Figure 1 shows the shape of £ under the lognormal assumption.

Likelihcod

0.2

0.1 .
mu 005 0 sigma

Figure 1: Curve of L under the lognormal hypothesis
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Monte Carlo simulation can be used to estimate the variance matrix of #2ML as follows:

1. Simulate a sample of N trajectories of the firm’s asset value A over [0,T], given the estimation
OML (as if it were the true value) of 6;

2. For each simulated path n of A, compute the QML estimate o" of 0, forn=1,...,N;

3. Compute the sample variance of gAML

3 Empirical investigation

The code lines are written in C and compiled under CPP. We use the GSL and NOMAD software
libraries to ease solving the model and searching for the QML estimates. See Le Digabel (2011) for
further details on NOMAD.

To assess our QML approach, we use a Monte Carlo simulation under Merton’s (1974) setting. We
set the model’s parameters as follows:

1. a drift and volatility of the underlying lognormal process pg = 10% (per year) and o9 = 20%
(per year);

2. a risk-free rate r = 5% (per year);

3. a maturity and a principal amount of the pure corporate bond TP = 5 years and P = 100 dollars;

4. a daily observation window [0,T] of two years assuming 250 days per year.

We use the true value of 0, simulate a daily path of A over [0,7] under the physical probability
measure, and provide the QML estimate of §. Then, we perform N = 2000 replications of the same
experiment and compute the root mean square error (RMSE) of ML vs QML estimates of 6.

Table 1: RMSE of ML vs QML estimates of 6§ — Simulated model

Estimation =~ Search method RMSE(r) RMSE(o)

ML (Duan) Newton-based 10.4% 4.5%
QML Naive search 14.1% 5.1%
QML MADS algorithm 12.9% 3.4%

ML and QML estimates of 6 are comparable and show that the estimation of the volatility parameter
is more accurate than of the drift parameter, as documented in the literature under the lognormal
assumption.

We now conduct a credit-risk analysis of Phar-Mor, a public chain of discount drug stores. Phar-
Mor went bankrupt in September 2001, while its debt maturity 7° was in March 2002. We set the
present date T" at one year then one year and a half before bankruptcy, and we observe the stock closing
price over the 2-years time window [0, 7]. The model respects the actual firm’s interest and capital
payment schedule over [O,TD ] The risk-free rate r is taken as the yield to maturity of a Treasury
pure bond portfolio with an identical payment schedule to that of Phar-Mor.

We assume a Geske-like (1977) setting with TB = 0, BC = 0, and D7 = 0. Table 2 reports the
QML estimates of 0 = (, O')/, the drift and diffusion parameters of the lognormal state process A.

Table 2: QML estimate of § — Geske (1977) setting

Present date T' AQML  ZQML r

12 months before bankruptcy  -27.5%  29.0% 5.52%
18 months before bankruptcy -9.3% 28.6% 5.53%

Table 3 exhibits the yield to maturity (YTM) of Phar-Mor’s debt portfolio, its yield spread (YS),
and its term structure of total default probabilities (TDP) unde the physical probability measure for
the horizons 6, 12, and 18 months at the present date T
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Table 3: YTM, YS, and TDP — Geske (1977) setting

Present date T' YTM YS TDP6 TDP12 TDP18
12 months before bankruptcy  8.24%  2.73% 26% 48% 70%
18 months before bankruptcy  7.31%  1.78% 1% 11% 20%

Credit-risk indicators deteriorate when we approach bankruptcy, but those computed under the
physical probability measure are more sensitive. This contradicts Delianedis and Geske (2003) who
focus on changes in risk-neutral credit-risk measures. In line with the literature on the structural model
and the credit-spread puzzle, Phar-Mor’s yield spreads remain largely under-valued. Meanwhile, Phar-
Mor was rated B3 from November 1995 to February 2001, as reported in Moody’s Default & Recovery
Data Base. See Collin—Dufresne et al. (2001), Driessen (2005), Chen (2010), Bao et al. (2011),
Gemmill and Keswani (2011), Huang and Huang (2012), and Du et al. (2019) for further details on
the credit-spread puzzle.

We adjust the likelihood function for the survival bias in an attempt to revisit Phar-Mor’s credit
spreads. We observe only a few effects on the QML estimates of § = (,u,a)/ and the credit-risk
measures. This finding is consistent with Duan et al. (2004) and Amaya et al. (2019).

We now consider the structural model with frictions in Equation (1) to align Phar-Mor credit
spreads in Table 3 with Moody’s B3 rating. We fix the corporate tax rate at 35% and vary w from
20% to 60%. ML and QML based on stock prices present a common weak point as they don’t allow
for the estimation of the bankruptcy-cost parameter w.

Table 4: QML estimates of 0 — Extended Geske (1977) setting

Present date T' w  pQML  GQML
12 months before bankruptcy  20% -26.1%  31.0%
18 months before bankruptcy 20% -10.0%  30.0%
12 months before bankruptcy  40% -26.5%  31.0%
18 months before bankruptcy 40% -10.0%  30.0%
12 months before bankruptcy 60% -26.5%  31.0%
18 months before bankruptcy  60% -9.1% 29.8%

In contrast to default probabilities, yield spreads are sensitive to w, as shown in Table 5.

Table 5: YTM, YS, and TDP — Extended Geske (1977) setting

Present date T' w YTM YS TDP6 TDP12 TDPI18
12 months before bankruptcy  20%  10.42%  4.91% 22% 47% 74%
18 months before bankruptcy  20% 837% 2.84% 3% 10% 20%
12 months before bankruptcy  40% 12.08%  6.57% 22% 48% 74%
18 months before bankruptcy  40% 9.12%  3.59% 3% 10% 20%
12 months before bankruptcy 60%  13.80%  8.29% 22% 48% 74%
18 months before bankruptcy  60% 9.78%  4.25% 2% 9% 19%

A bankruptcy-cost parameter w of 40% results in yield spreads that are likely to match Moody’s
rating.

4 Conclusion

We propose a flexible QML approach to estimate complex structural settings. We conduct an empirical
investigation of a public company that went bankrupt. We show that its credit-risk indicators deteri-
orate when we approach bankruptcy, while its yield spreads remain under-valued. This is consistent
with the literature on structural models and the credit-spread puzzle. We consider bankruptcy costs

as a remedy.
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A future research avenue consists of adjusting QML to estimate the bankruptcy-cost parameter(s)

together with the state-process parameters.
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