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Abstract: Dealing with demand uncertainty in multi-item lot sizing problems poses huge challenges
due to the inherent complexity. The resulting stochastic formulations typically determine production
plans which minimize the expected total operating cost while ensuring that a predefined service level
constraint for each product is satisfied. We extend these stochastic programming models to a more
general setting where, in addition to the individual service level constraints, an aggregate service level
constraint is also imposed. Such a situation is relevant in practical applications where the service level
aggregated from a variety of products or components must be collectively satisfied. These extended
models allow the decision maker to flexibly assign different individual service levels to different products
while ensuring that the overall aggregate service level is satisfied and these aggregated service level
measures can be used in conjunction with the commonly adopted individual service levels. Different
mathematical models are proposed for this problem with different types of service levels. These models
are a piece-wise linear approximation for the g, =, and ¢ service levels and a quantile-based model
for the a. service level. Computational experiments are conducted to analyze the impact of aggregate
service levels and demonstrate the value of the proposed models as opposed to standard service levels
imposed on individual items.
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1 Introduction

In dynamic lot sizing problems, proper inventory control and production decisions are crucial to achieve
a balance between customer demand satisfaction and cost management. While insufficient inventory
will lead to shortages, unnecessary stocks will increase the holding cost. An inventory holding cost is
charged for the quantity being stored at the end of each period. Furthermore, in each period in which
production occurs, a setup has to be performed which incurs a fixed setup cost. The basic lot sizing
problem hence considers the trade-off between setup costs and inventory holding costs. The goal of
the standard lot sizing problem is to determine the optimal timing and production quantities in order
to satisfy a known demand over a finite and discrete time horizon [13]. The lot sizing problem has
been extended to include several practical cases such as multiple products, capacitated machines, or
backlog costs [9].

While the standard assumption in lot sizing problems is that all the parameters are deterministic,
it is inevitable that some parameters are actually uncertain in practice. From a practical point of view,
even a small level of uncertainty may heavily affect the nominal solution determined by a deterministic
model and make it infeasible or more costly than anticipated [2]. To deal with the uncertainty in
demand, safety stock levels are usually predetermined for each item under strict assumptions such as
stationary demand, normality, as well as the independence of demand. The decisions resulting from
models that do not incorporate uncertainty are known to be sub-optimal compared to the solution
of the models in which the uncertainty has explicitly been taken into account [12]. Consequently,
there is a need to have methods to mitigate the risk of uncertainty and simultaneously determine the
time-dependent lot size and buffer stock decisions in the dynamic lot sizing problem.

The stochastic lot sizing problem is an extension of the deterministic case in which the problem is to
determine the production schedules and quantities to satisfy stochastic demand over a finite planning
horizon. In the context where the planner must ensure that a service level is satisfied, the objective
is to minimize the total expected cost whereas the decisions are subject to certain demand fulfillment
criteria [17]. These criteria are usually modeled as chance constraints in which the probability of
reaching a service level must be greater than or equal to a predefined value [4]. These service levels
are typically defined for each product separately.

In this research, we investigate an aggregate service level which is defined aggregately for multiple
products in addition to individual service levels when uncertainty in the demand is present [1]. Such
a situation is relevant in practical applications where there is a lot of product variety. For a specific
type of clothing that comes in different colors or sizes, an aggregated service level can be imposed at
the product level (i.e. for a specific piece of clothing), while specific service levels are imposed at the
individual levels (i.e. for the different sizes). Consider a situation where a firm is concerned with its
aggregate service level across multiple products. While it is clear that an aggregate service level of,
for example, 95% can be achieved by imposing an individual service level of 95% for each item, this
solution does not take advantage of the possible flexibility to have different individual service levels.
The firm can impose a specific aggregate service level (e.g. 95%) while also imposing individual service
levels which are less strict (e.g. 90%). This provides the flexibility to have a solution in which the
resulting individual service levels for some products are less strict than the imposed aggregate level,
while others are stricter. This flexibility can result in an overall cost reduction.

Different mathematical models are proposed to approximate this problem when considering different
types of service level. These models are a piece-wise linear approximation and a quantile-based model.
The contributions of this paper are as follows. First, we propose the idea of an aggregate service level in
the stochastic lot sizing problem. Next, we propose mathematical formulations to model an aggregate
service level for different types of service levels considered in the literature (i.e., the «, ,~, and &
service levels). Some of the mathematical models proposed in this research are extensions of existing
models, while others are originally proposed for these problems. Finally, we provide computational
experiments and investigate the value of the aggregate service level.
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This paper is structured into eight different sections. In the second section, we review the existing
literature. In Section 3, different aggregate service levels are introduced. Sections 4 to 6 are dedicated
to the formulations for the various aggregate service levels. In each of these sections the mathemat-
ical models and different approximations are proposed. Section 7 discusses the experimental results.
Section 8 concludes the paper and discusses possible future research.

2 Literature review

Although imposing individual demand fulfillment criteria is the most common approach to deal with
multiple products in inventory management, the idea of defining an integrated service level has been
investigated in the inventory management literature. Kelle [11] stated that having different items
with different demand, cost, and delivery characteristics, requires different service levels, and defining
fixed service levels for different groups of items to insure an aggregate service level is a challenge. A
common approach to deal with the huge numbers of products or stock-keeping units (SKUs) in the
inventory system in many real cases, is using ABC classification to group the items. Companies usually
impose a fixed service level for all the products in the same group. Teunter et al. [23] showed that
this approach based on the classical classifications results in solutions which are far from the optimal
solutions. They introduce a more efficient approach for ABC classification in which they define an
overall fill rate over all SKUs, but they did not consider a setup cost in their calculations [23]. Akcay
et al. [1] introduce a multi-product, joint service-level model for an inventory control problem without
any lot sizing decisions. They used order fill rate, line item fill rate and dollar fill rate. Each of these
service levels is joint across random customer orders with different products and correlated demands.
We will also introduce a modified version of the dollar fill rate in this research which is aggregately
defined for different products. Escalona et al. [5] investigated the effect of not having similar service
levels for fast-moving items under different inventory policies. In their study, they consider different
types of service levels (a and ) and propose different models for the combination of them for two
categories of items belonging to a different customers’ class. Shivsharan [14] considered an inventory
control system for a large number of spare parts with highly random and in some cases sparse demand.
He mentioned that in such a case achieving the desired service level imposes a huge inventory cost.
To deal with this problem, he proposed a model to minimize the safety stock cost while achieving an
aggregate service level. Gruson et al. [7] investigate different types of service levels including various
aggregate service levels in the deterministic lot sizing problem.

It is worthwhile to mention that there is a difference between joint and aggregate service levels.
Although both of these ideas consider multiple products simultaneously, in the literature, the joint
service levels refer to the case where the service level requirements are imposed on all of the products
simultaneously as chance-constraints based on the joint distributions of product demands whereas
the aggregate service levels we consider here refer to the case where the constraints are imposed on
aggregated values of the service levels associated with individual products. The use of the aggregate
service levels allows us to extend the models with individual service levels in a scalable manner to
deal with a practical case where companies must ensure that the aggregate service level of a group of
products is collectively satisfied. Assuming the same value for joint, aggregate, and individual service
levels, the joint service levels results in more strict constraints compared to individual service level
while the aggregate service level results in more relaxed and flexible constraints. In addition, the
models with joint service level can be much more difficult to solve and not tractable [10].

In the literature, several service level measures have been proposed when dealing with demand
uncertainty [8]. The «a service level ensures that the probability of no stock out during the production
or procurement cycle is more than «. The § service level or the fill rate is the proportion of the demand
directly filled from stock and it is equal to one minus the expected backorders to the expected demand.
The v service level is one minus the proportion of expected backlog to expected demand. Note that
while the ~ service level considers backlog, the § service level deals with backorders. The backorder
level in period t is the quantity of unmet demand in period ¢ whereas the backlog in period ¢ represents
the cumulative backorders from period 1 to period ¢ that have not been filled by the end of period ¢ [6].
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The 6 service level ensures that the proportion of total expected backlog to the maximum expected
backlog is less than or equal to 1 — §. It is stated that this service level transparently considers the
amount of backlog and the waiting time together [8]. These service levels are defined for each of the
products individually.

Bookbinder and Tan [3] investigated three different strategies to deal with a probabilistic single-
stage lot sizing problem with service level constraints. The first strategy is the static uncertainty in
which the decisions for all periods are made at the beginning of the planning horizon and cannot be
changed. These decisions are the setup and production level decisions. This strategy is the most
common strategy used in stochastic lot sizing models. In the second strategy, which is called dynamic
uncertainty, the setups and production levels are decided dynamically as the information is revealed
during the planning horizon. The third strategy is the combination of the two previous strategies in
which the set up periods are determined at the beginning of the planning horizon and remain fixed,
whereas the production quantities are determined dynamically depending on the realized demand.
This strategy is called the static-dynamic strategy.

Many papers studied the stochastic lot sizing problems and lot sizing problem with service levels
using different strategies and service level constraints [17, 8, 19, 20, 22, 24]. Table 1 summarizes the
most relevant papers. As can be seen in this table, none of the reviewed papers consider the aggregate
service level in a stochastic context. This research addresses this gap in the literature.

Table 1: Overview of literature on lot sizing with service level constraints

Authors Year Strategy Service level type Individual Aggregate Capacity
static dynamic static-dynamic a 8 § ol

Bookbinder and Tan [3] 1988 + + + + +

Tarim and Kingsman [16] 2004 + + +

Tempelmeier [17] 2007 + + + +

Tempelmeier and Herpers [18] 2010 + + + +
Tempelmeier [19] 2011+ + + —+
Tempelmeier and Herpers [20] 2011  + + +

Gade and Kiiciikyavuz [6] 2013 + +

Helber et al. [8] 2013+ + + +
Tunc et al. [24] 2014 + + —+

Tempelmeier and Herpers [22] 2015 + + + +
Gruson et al. [7] 2018 Deterministic + + + + + +
Meistering and Stadtler [15] 2019 Deterministic + + + —+ —+
Our Work 2019 + + + + + + + +

3 Stochastic lot-sizing models with aggregate service levels

In all the models proposed in this paper, a static strategy in which all the decisions are made at
the beginning of the planning horizon is considered and the production quantity decisions cannot be
changed when demands are realized. In addition to the deterministic multi-item lotsizing problem
assumptions, we assume that the demand for different products in different periods is not known, but
the distributions are known and they are independent for each product. In the case of a stock out, the
unmet demand is backlogged and fullfiled as soon as possible.

In this research, we investigate four different types of aggregate service levels. These service levels
are based on the a., §, v, and § service levels [21]. Table 2 defines these different types of service
levels in separate and aggregate format. Some of these service levels are defined over all planning
horizon (globally) [21] and some others are defined per each planning per period. Let K be the set of
products and T the set of time periods. The first type of service level is the S service level which is a
quantity oriented service level. Considering BOy; as the backorder and Dy, the demand of product k
in period ¢, E[BOy;| and E[D};] are the expected backorder and expected demand for product k in
period t, respectively. The aggregate service level in the global case and based on the (3 service level is
equal to 1 minus the total expected backorders for all products in all planning periods divided by the

total average demand over all products and periods. Another format of this service level is 3, which is
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imposed in each period. This service level considers the expected backorder divided by the expected
demand in each planning period.

The aggregate 8 service level can be extended to consider the value of each product(vy). This
service level in the global case is shown in (1) and imposes that the value of backordered products
should not exceed a certain percentage of the value of total demand.

2rer 2kex VREIBOk] <1-8 (1)
doteT DkeK v E[Dri]

The second type of aggregate service level is based on the v service level which is time and quantity
oriented. This service level in the global case is equal to one minus the total expected backlog divided
by total expected demand [8]. In this service level By, is the backlog and E[Bj,] is the expected
backlog for product k in period ¢{. We can define v, as the gamma service level per period.

The third type of aggregate service level is based on the § service level which is equal to 1 minus
the total expected backlog divided by the total maximum expected backlog [8] in the global case. This
service level is also a time and quantity oriented service level. The J, service level is defined as the
delta service level per period. This service level is 1 minus the expected backlog in each period divided
by the maximum possible backlog until period ¢. The maximum expected backlog in period ¢ is equal
to the cumulative expected demand until period t.

The fourth type of service level is the « service level which ensures that the probability of having
a stock-out for each product is less than or equal to 1 — «. This service level is an event oriented one
which is typically measured over each replenishment cycle (a.). In order to model this in a multi-
period problem, the required service level must be imposed in each specific period and the resulting
service level is the minimum service level over all planning periods [21]. In a company in which we have
multiple products, managers may define an aggregate service level over all products. The aggregate
service level guarantees that the weighted average of the resulting individual service levels is at least
99 (299 € [0,1]). The initial inventory of product k is indicated by Io. Considering wy as the
non-negative weight of each product such that », -, wy = 1 and 23, the production for product k in
period t, the separate and aggregate version of this service level is shown in Table 2.

Before moving forward to the mathematical models of each service level, we will provide an example
based on the g service level. Table 3 provides this example with 5 products and 5 periods for 3 different
situations. The first column shows the result for the 95% service level imposed for each individual
product. The second and third columns show the result for the less tight individual service levels
of 90% and 85%, respectively, in addition to an aggregate service level of 95% which is defined over all
SKUs. Adding the flexibility of the aggregate service level to the model results in a cost reduction and
different individual service levels. For example in the last column adding the flexibility of an aggregate
service level results in a 7% cost reduction and an increase in the service level for 3 products at the
expense of a service level reduction for two other products.

4 Models with aggregate (3 service level

In this section, we investigate the aggregate 8 service level, imposing that the total expected amount
of backorder divided by the total expected demand should be less than a predefined percentage. The
expected inventory and backorder in each planning period is a non-linear function of the cumulative
production in each planning period. To solve this problem we use a piece-wise linear approximation.
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Table 2: Different types of service level and their separate and aggregate forms

SL  Separate Aggregate

Quantity oriented service level

8 ZteT E[{Okt] <1-8 VkeK ZtET ZkeK E[iokt] <1-8

> ier ElDkil doter 2onexk ElDkt]

EBOM] 1 _5  whervier e FBOk] o oy
S Spex BDw) — 7 €

Time and quantity oriented service level

EB EB
y EtET [7kt} <1-~ VkeK ZteT ZkeK [7kt} <1—~
> ter ElDkil doter 2onexk ElDkt]
E[B E[B
v L’“]glfyp VkeKVteT M§17% VieT
E[Dyy] > ker ElDii]
E[B E[B
5 ZtET [ kt]i <1-6 VkeK ZtETZkEK [ kt]i <1-6
ZteT(T_t+ 1)E[Dkt] ZtET ZkeK(T_t"’ 1)E[Dkt]
E[B E[B
5p t[i’“]guap Vke K\VteT Mgp@ VteT
2= E[Dyy] 2 2kex E[Dy;]
j=1 Jj=1
Event oriented service level
t _ t —
ac min(pr(Ixo + > (zx; — Dij) > 0)) > e > wimin(pr(Ixo + > (xx; — Dgj) > 0)) > al99
teT j=1 kex €T j=1
Vk e K
Table 3: Small example with 3 separate and aggregate service levels
Aggregate 95%  Aggregate 95%
Separate 95% Separate 90% Separate 85%
SKU 1 95% 99% 99%
Individual SKU 2 95% 98% 99%
service SKU 3 95% 98% 97%
level SKU 4 95% 90% 94%
SKU 5 95% 90% 85%
Aggregate Service Level 95% 95% 95%
Total Cost 23,563 23,165 22,023
Cost Decrease 0% 2% 7%

4.1 Problem definition and mathematical model

The parameters and decision variables are presented in Table 4. The mathematical model for the
stochastic capacitated lot sizing problem with aggregate 8 service level is as follows:

Min Z Z (scrtynt + here E[Tt)) (2)
teT keK
subject to:
Tyi—1+ @t 4+ Bre =Ixt + Dit + Bry—1 VteT,Vk e K (3)
Tt <Myp VteT,Vk e K (4)
> (strywe + ptrszrr) <Capy vteT (5)

keK
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t

E[BOwi] =E[max{0, Y (Dx; — z1;) — Io}]

j=1
t—1 o t
— E[max{0,Y Dy; — Y _xx; — Iro}] VteT,Vk € K (6)
j=1 j=1
ZtET ZkEK E[%Okt] Sl o /6 (7)
ZteT ZkeK E[Dkt]
yre €{0,1} Vte T\Vk e K (8)
ZTpe >0 Vte T,Vk e K (9)
It >0 VteT\Vke K (10)
By >0 VteT,Vk e K (11)

Table 4: Parameters and decision variables of the models with 5 service level

Sets

T Set of planning periods

K Set of products

Parameters

SClt Setup cost for product k in period ¢

hcgt Inventory holding cost for product k in period ¢
st Setup time for product k in period ¢

Pt Unit production time for product k in period ¢
capt Production capacity in period ¢t

M A sufficiently large number

Iio The initial inventory for product k

B8 Target fill rate as an aggregate service level

Random variables

Dyt Demand for product k in period ¢ (model input)

Trt Amount of physical inventory for product k at the end of period ¢
B Amount of backlog for product k at the end of period ¢

BOy; Amount of backorder for product k at the end of period ¢

Decision variables
Ykt Binary variable which is equal to 1 if there is a setup for product k in period ¢, 0 otherwise
Tt Amount of production for product k in period ¢

The objective function of the model (2) minimizes the setup and expected inventory holding costs.
Constraints (3) are the flow conservation constraint. Constraints (4) guarantee the setup forcing in
case there is production. Constraints (5) enforce the capacity limitation. Constraints (6) calculate
the expected backorder level for product k in period ¢ [25]. The first part calculates the backlog in
period ¢, and the second part calculates the amount of cumulative demand until the period (¢ — 1)
which is not satisfied by the cumulative production up to period ¢ . This calculation is based on the
FIFO assumption. Constraint (7) ensures the aggregate § service level. Constraints (8) to (11) show
the domain of the different variables in the model. In this model the expected value of inventory level
(E[Ix]) can also be calculated by Equation (12) instead of having constraint (3).

¢
E[Iw] = Elmax{0, Ito + Y (xx; — Dij)} VteT,Vke K (12)
j=1
As can be seen, in this mathematical formulation, E[BOy;] and E[Ij] are non-linear functions
of the cumulative production which are shown in (6) and (12), respectively. In the next section, a
mathematical model is presented to approximate this non-linear model.
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4.2 Piece-wise linear approximation

The formulation presented here is an extension of the model proposed by Van Pelt and Fransoo [25],
in which, the expected inventory, backlog, and backorder are calculated by (13), (14), and (15) re-

spectively. Q¢ is the cumulative production of product k& up to period ¢, which is equal to Z;=1 Tpj-

CDy; is the cumulative demand for product k until period t, and FlchM(th) is the first order loss
function of C'Dy; based on Q. Equations (6), (12), and (26) are equivalent to (15),(13), and (14),
respectively, but take into account the initial inventory. These non-linear functions can be approxi-
mated using piece-wise linear functions based on the cumulative production quantities. Assuming the
normal distribution for demand, Van Pelt and Fransoo [25] show that the expected backorder (15) is a
non-convex function and to insure that the pieces are selected sequentially, additional binary variable
need to be added to the model. These additional variables are not needed in case of convexity of the

functions. The parameters and decision variables are presented in Table 5.

E[It] =Qrt — E[CDy] + Flchkt (Qrt) (13)
E[By] =Tgp,,(Qrt) = E[maz{0, CDyy — Que}] (14)
B[BOw] =Tgp, Qi) —Top, , (@) (15)

Table 5: Parameters and decision variables of piece-wise linear model

Sets

L Set of linear segments

Parameters

UQkt Lower limit of segment 1 for product k in period ¢

Ukt Upper limit of segment [ for product & in period ¢

Algps Expected physical inventory associated with 0 cumulative production for product k in period ¢

ABo,,, Expected backorder associated with 0 cumulative production for product & in period ¢
Ikt Slope of inventory function associated with segment [ for product k in period ¢
ABO, Slope of backorder function associated with segment [ for product k in period ¢

Decision variables
Wikt Cumulated production quantity associated with segment [ for product k in period ¢
Akt The binary variable which is equal to 1 if wx; takes a positive value.

Min > " (seriyhe + herr (D, + Y Any wie)) (16)

teT keK leL

subject to constraints (4), (5), (8), (9), and:

Tt = Zwlkt — Zwlk,t_l Vt € T, Vke K (17)
leL leL
W1kt > (W15t — Wi—2 k) ke VEET,VE e K,Vle L1 >2

(18)
Wikt <(Wikt — Wi—1 k) Nkt VteT,Vke K,Vle L (19)
Zwlk,t—l < Zwlkt VieT,Vk € K (20)

leL leL
ZtET ZkeK(ABOokt + ZlEL ABOthwlkt) <1-— 5 (21)

ZtET ZkeK E[Dkt]

Wikt >0 VteT,Vke K,Vle L (22)
ikt €{0,1} Vie T,WVke K,Vle L (23)

The objective function (16) is to minimize the setup cost plus the expected value of the holding costs.
Constraints (17) calculate the production amount based on the selected segments. Constraints (18)
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to constraints (20) guarantee that the segments are selected in sequential order as proposed in [25].
Constraint (21) is the aggregate service level constraint in which the total average backorders divided
by the total average demand is less than or equal to 1 — 3. Constraints (22) and (23) show the domain
of the different variables in the model.

5 Models with aggregate v and § service level

In this section, we investigate an aggregate ~ service level which imposes that the total expected
backlog divided by the total expected demand should be less than a predefined percentage. We then
modify the model to consider an aggregate § service level.

5.1 Problem definition and mathematical model

The mathematical model for this problem is presented as follows:

Min 37 57 (scueyie + hers ElTw)) (24)
teT ke K

subject to constraints (3), (4), (5), (8), (9), and:

ZteT ZkeK E[Ekt] <1-n (25)

ZteT ZkeK E[Dkt] B

The objective function of the model (24) minimizes the setup and expected inventory holding costs.
Constraint (25) guarantees the v aggregate service level. In this model the expected value of backlog
(E[Bps)) is calculated by constraint (26).

t t
E[By] =E[max{0,Y Dy; — > _ ax; — Iro}] VteT,Vke K (26)

j=1 j=1

It is also possible to define the aggregate v service level in each planning period (7,). In this case,
constraint (25) is substituted with constraints (27).

EB
Mgl—% VteT (27)

ZkeK E[Dkt]

It is also possible to use the J service level instead of v service level. In this case constraint (25) is
substituted with constraint (28). Both v and ¢ service levels work with the expected backlog for each
product in each planning period.

2ter 2oker BB <1 _ (28)
Yoter 2akex (T —t+1)E[Dy] —

In this mathematical formulation E[Ix;] and E[Bj:| are non-linear functions of cumulative pro-
duction which are shown in (12) and (26), respectively. In the next section, a mathematical model is
presented to approximate this non-linear model.

5.2 Piece-wise linear approximation

The expected inventory and backlog in each planning period are non-linear functions of the cumulative
production in each planning period. In this formulation these non-linear functions are approximated
based on the linearization of the loss function of the normal distribution. As the non-linear functions
for the expected inventory and expected backlog are convex, different segments on the piece-wises
linear functions will be selected in sequential order and there is no need to add extra binary decision
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variables to ensure this, which is different from the model with the 3 service level. Table 6 indicates
the new parameters and decision variables of this model.

Min Z Z (scktykt + hckt(Alom + Z Alzmwlkt)) (29)
teT keK leL

subject to constraints (4), (5), (8), (9), (17), (22), and:

Wikt SUikt — Ul—1,kt VteT\Vke K,Vle L (30)

2ter 2ker (BBoy + ZZEL A By, Wikt) <1-—+~ (31)

ZteT ZkeK E[Dkt]

Table 6: Parameters and decision variables of piece-wise linear model

Parameters

Ap,,, Slope of backlog function associated with segment [ product k in period ¢
¥ Target aggregate ~ service level

1) Target aggregate § service level

The objective function (29) is to minimize the setup cost plus the expected value of the holding
costs. Constraints (30) define the maximum amount that the production quantity associated with
segment | can take in period ¢. Constraint (31) is the aggregate service level constraint in which the
total average backlog divided by total average demand is less than or equal to 1 — ~.

To change the model to consider the § service level, constraint (31) should be substituted with
constraint (32) in which the total average backlog divided by the total maximum expected backlog is
less than or equal to 1 — 4.

2rer ke (ABow + 2ier, Afi“wlkt) <1-90 (32)
Sier Yoner(T —t+1)E[Dy]

6 Models with o, aggregate service level

In this section, we present the model for the a. aggregate service level with a capacity constraint.
First we define the mathematical model for this case. Next we present a quantile-based mathematical
model to approximate the actual model.

6.1 Problem definition and mathematical model

This model is an extension of the model presented by Tempelmeier [17] in which the «. service levels
are defined for each product separately. We investigate the combination of aggregate and individual
service levels. The value of the minimum individual and aggregate o level are decided by the managers
based on the cost of shortfalls and it is possible to ignore this cost in the model [3]. The minimum
aggregate service level is a parameter in the model. Each item also has an individual minimum service
level, which is less tight than the minimum aggregate service level. The actual individual service level
is an output of the model since it depends on the decisions and can be better than the minimum
imposed one. The a, service level is considered in both the aggregate and individual constraints. The
parameters and decision variables are presented in Table 7.

Min Z Z (scriyrt + here E[I1t)) (33)

teT ke K

subject to constraints (3), (4), (5), (8), (9), and:

t
pr(Iro + > _(wkj — Diy) > 0) > " Vke KVteT (34)
j=1
t —
Z W Igéi%l(pr(lko + Z(ij — Dy;) > 0)) > a9 (35)

keK j=1
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Table 7: Parameters and decision variables of the basic models

Parameters
wg The weight of product k such that >, wy =1
a9 Minimum aggregate service level

a*™  Minimum required service level for each product

The objective function (33) minimizes the setup and expected holding cost. The minimum service
level for each product is imposed through the chance constraints (34). These constraints guarantee
that the probability of a stock out is not larger than (1 —a/"). Constraint (35) imposes the aggregate
service level. This constraint guarantees that the weighted sum of the resulting individual service levels
is greater than or equal to the imposed aggregate service level.

6.2 Quantile-based approximation

In this section, we approximate the model with aggregate a.. service level using a quantile approach. In
this model, we assume that the average net inventory is positive. This is a reasonable assumption for
high service levels as the amount of negative inventory is negligible [17]. In this formulation, the choices
of possible service levels for each item are discretized using the set N, which leads to an approximation
for the real problem. For each of the products one of the service levels in set N will be selected in the
model such that the actual service level can take any value equal to or above the selected service level.
The minimum service level (a™™) for each of the products is imposed by the minimum value in the
set N. The new notation is presented in Table 8. The mathematical model is as follows:

Min Z Z (scktykt + thtIkt) (36)

teT ke K

subject to constraints (4), (5), (8), (9), and:

t
I =Io + > _(z1j — E[Dy;]) vt e T,Vk € K (37)
Jj=1
J
Lo+ Y ZF%;”- (aF™) s VjeT,Vke K,Yne N (38)
t=1
> sen =1 Vk e K (39)
neN
Z Z wpak sy, >a99 (40)
keK neN
skn €{0,1} Vk e K,VYne N (41)
Iy >0 Vke K,NteT (42)
Table 8: Parameters and decision variables of the basic models
Sets
N Set of service levels
Parameters
CDyy Cumulative demand for product k until period ¢
F% (ae)  The minimum value of cd of cumulated tperiod demand such that P{CDy; < cd} > ac
kt
a’cm Minimum probability of no stock out for item k based on service level n in each planning period

Decision variables
It The amount of inventory for product k at the end of period ¢

Skn The binary variable which is equal to 1 if service level alg" is selected for product &

The objective function (36) minimizes the sum of set up and holding costs. Constraints (37) are
the inventory balance constraints in which E[Dj] is the expected value of demand of product k in
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period t. It should be noted that Ix; is not a random decision variable in this model since we consider
only the average demand. Constraints (38) are the individual service level constraints in which the
discrete choice service level is defined for each item using a binary variable. These constraints ensure
that the sum of the initial inventory and production quantities up to period ¢ is at least equal to the
cumulative demand required for the selected minimum service level. These constraints are equal to
the chance constraints (43) and for cases that the demand follows a normal distribution the value of

Fc_‘% (ak™) is easy to calculate. These chance constraints ensure that for each period the probability
kj

of a stock out is less than or equal to (1 — a*™) for the chosen level n of the service level. For the
case where there is only one choice of service level, this constraint will be the same as constraint (44)
proposed for the single item problem [21]. Constraints (39) guarantee that exactly one service level for
each item is selected. Constraint (40) imposes the aggregate service level in which the weighted average
of the selected individual service levels is larger than or equal to the imposed aggregate service level.

t t
pr([ko+2wkj 725;6]- >0) Za’cmskn Vte T,Vk € K,Yn e N (43)
j=1 j=1
J
Lo+ Y ap > F%kj (o) VjeT,Vk € K (44)
t=1

Tt is also possible to use constraint (45) as an alternative aggregate constraint for the service levels and
substitute it with constraint (40). In this constraint, es,, is the expected shortfall for product k based
on service level n. Considering that ¢y is the cost of shortfall for product &, constraint (45) guarantees
that the cost of average unmet demand should be less than a certain value (DV'). This value can be
the maximum acceptable lost profit over the planning horizon.

Z Z CLESknSkn < DV (45)

keK neN

7 Computational experiments

To investigate the effect of an aggregate service level and gain computational insights into the benefits of
the solutions based on different types of service levels, we conduct different computational experiments.
First, the data generation procedure is explained. Next, the parameters of the different models such as
the number of service level options in the quantile-based approximation and the number of segments
in the piece-wise linear models are analysed. In the third section, we evaluate the result of different
service level based on an initial data set. Forth section is dedicated to extensive sensitivity analysis
on the value of aggregated service levels based on different parameters and service levels. In the last
sections, the effect of individual service levels on the value of aggregate service level is presented.

7.1 Instance generation

In this section, we explain the data which are used to test the models with different aggregate service
levels. We have two different sets, one set for the initial and more general tests (set A) and one for
more specific tests and the sensitivity analysis (set B). For both sets, we follow the same procedure to
generate data as in Helber et al. [8] with some modification.

The set A is used to investigate the difference between the aggregate and separate service level for
all types of service levels. As the original data set which was proposed by Helber et al. [8] is generated
based on the J service level, for other service levels some instances may be infeasible due to the capacity
constraint. The first modification is to reduce the utilization factor to increase the capacity. The other
modification is to assign different holding costs to different products. If all the products have the same
holding cost, the aggregate service level does not show a big advantage over the separate service levels
(as indicated later in the sensitivity analysis). Table 9 shows the parameters used for the generation of
these test instances. VC™ is the parameter which is used to generate dynamic time series and defines



12 G-2019-68 Les Cahiers du GERAD

the average demand for each product in each planning period. A lower VC results in more moderate
variability between demands in different periods and a higher one results in larger differences. The
VO refers to the coefficient of variation of the demand. The standard deviation of the demand is
equal to the average demand multiplied by the VC?. Note that in practice, if the forcasted demand
is used, one can calculate VC? of forcasting errors and use it here. TBO is the time between orders,
which shows the number of periods between two consecutive orders. TBO is used to define the value
of the setup cost based on the average demand and holding cost. A detailed explanation of the data
generation procedure can be found in [8]. In set A there are 432 instances with all the combinations
of parameters and the size of {|K| = 5,|T| = 5}, {|K| = 10,|T| = 5}, and {|K| =5, |T| = 10}.

Table 9: Parameters of the test instances

Parameters

Number of products K| =5, 10, 20
Number of periods T =5, 10, 20
Inter-period coefficient of variation of expected demand VC® = 0.2, 0.3
Coefficient of variation of demands ved =0.1, 0.3
Time between orders TBO = 1, 2, 4
Utilization of resource due to processing Util = 0.4, 0.5
Setup time as fraction of period processing time ST = 0.0, 0.25
Service-level target Service Level = 0.8, 0.9 , 0.95
Holding cost he =1,2, 3, .., |K|
Product weight wg = 1/|K]|

The second data set, set B, is used for the sensitivity analyses. To this end, 10 base instances with
the size of {|K| = 10, |T| = 10} are generated with the same parameters and different demand values
which are randomly generated based on the normal distribution. The parameters used to generate
the instances are listed in Table 10. In the sensitivity analysis section, we will explain how different
scenarios for each of the parameters are generated.

Table 10: Parameters of the base case instances for the sensitivity analysis

|K| = 10 |T| = 10 vew =0.8 VOt =0.3
TBO = 3 Util = 0.65 ST = 0.0 Service Level = 0.95
he € {1,2,3, ..., |K|}

To evaluate the solutions formed by the approximate formulations, we use simulation. The results
of the models including the setups and production levels for each product and in each period are the
input of this process. 10,000 demand scenarios are generated based on a normal distribution with the
same average and variance as the input to the model. The objective function and service levels are
then evaluated using the simulation.

7.2 Determining the number of linear segments and service levels

To define the number of linear segments for the piece-wise linear models, we performed tests using the
model with separate v service levels and solved it with different numbers of segments for each of the
432 small instances. Assuming that the models have the same characteristics, among different models,
the model with separate v service level is selected. Each instance is solved with 5, 10, 15, 20, 30, 40,
and 50 linear segments and evaluated using the same set of scenarios. Figure 1 shows the average
solution time and average accuracy of the solution over all solved instances. The accuracy measures
are the cost accuracy (46) and service level accuracy (47). The cost accuracy is the percentage of
absolute difference between the model objective function and the evaluated objective function. The
service level accuracy is the absolute difference between the evaluated service level and the target service
level. Considering the trade-off between time and accuracy measures, the model with 20 segments is
selected. The result of this study is generally in line with the study of Helber et al. [8] who used 18
segments for their piece-wise linear model for the § service level.
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Cost Accuracy(%) = | Evaluated total cost — Model objective function|

46
Model objective function (46)

Service Level Accuracy(%) =|Evaluated service level — Target service level| (47)

To test the impact of the number of service level options for each of the products in the quantile
approach, we solve the aggregate model for the «. service level with different numbers of service level
options. Each instance is solved with 2, 5, 11, 15, 21, and 30 service level options and evaluated using
the same set of scenarios. The service levels are equally distributed between the minimum service level,
which is 80%, and 99.99%. For example, the 21 service levels are 80%, 81%, ...,99%, 99.99%. Note that
the option 99.99% is used instead of 100% since the 100% service level results in an infinite amount
of inventory. Figure 2 shows the average solution time and accuracy of the solutions. Considering
the trade-off between time and accuracy measures, and the fact that the accuracy measures do not
decrease notably when increasing the number of service level options to more than 11, 11 service level
choices are used in the subsequent experiments.

Average time Average accuracy
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60 2.5%

" >2.0%
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Figure 1: Execution time and accuracy of the piece-wise linear model for the ~ service level based on the number of linear
segments
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Figure 2: Execution time and accuracy of the quantile model for the o, service level based on the number of service level
options

7.3 Performance evaluation based on different service levels

This section shows the results of the experiments for different types of service levels using the 432
instances in set A. The aim of these experiments is to provide insights with respect to the models
with different service levels and to give a general overview of the difference between the aggregate and
separate service levels. Table 11 summarizes these results. To analyze the results, two versions of the
models, i.e., with aggregate and separate service levels, are solved using the approximated models for
each type of service levels. In our comparisons, in addition to cost accuracy and service level accuracy,
we analyze the average cost from the evaluation (Average Cost), the deviation of the actual service
level from the defined target (Service Level Deviation)(48), the average percentage difference between
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the evaluated cost of the model objective and the model objective function (Cost Deviation)(49), the
average solution time in seconds (Average Time), and the average difference between models with
aggregate and separate service levels (ACost). ACost is shown in the last column of Table 11 and
shows the advantage of the aggregate service level over the separate one based on the total cost increase
percentage (50).

Service Level Deviation(%) =Evaluated service level — Target service level (48)

FEwvaluated total cost — Model objective function

Cost Deviation(%) = (49)

Model objective function
Cost of separate service level — Cost of aggregate service level

ACost(%) = :
(%) Cost of aggregate service level
(50)
Table 11: Results of the approximation models for different types of service level

Service Version Average Service Level Service level Cost Cost Average ACost(%)

Level Cost  Deviation (%) Accuracy (%) Deviation(%) Accuracy (%) Time(s)

8 Aggregate 27441.9 0.1 0.1 0.1 0.1 394.1 6.2
Separate  29452.7 0.2 0.2 -0.2 0.2 247.7

Bp Aggregate 29836.5 0.0 0.3 -0.3 0.3 309.4 15.1
Separate  34607.3 0.1 0.2 -1.0 1.0 22.3

¥ Aggregate 28090.6 0.1 0.1 -0.1 0.1 0.5 5.2
Separate  29877.7 0.3 0.3 -0.2 0.2 3.1

Yp Aggregate 30753.0 0.0 0.1 -0.2 0.3 14.2 12.5
Separate  34732.6 0.1 0.2 -1.0 1.0 30.1

1) Aggregate 17070.3 0.0 0.0 -0.1 0.1 0.3 9.7
Separate  18622.7 0.1 0.1 -0.5 0.5 0.6

Op Aggregate 22593.2 0.0 0.0 -0.4 0.4 8.5 26.6
Separate  27818.0 0.0 0.1 -1.1 1.1 16.7

Qe Aggregate 38453.8 -0.2 0.2 1.5 1.5 2478.8 1.5
Separate  38970.9 -0.2 0.2 1.1 1.1 0.3

The first service level is the g service level. To analyze the results, the two versions of the model,
aggregate and separate, are solved using the piece-wise linear approximation. As can be seen, the
average cost which is the result of the evaluation has the lower value when there is an aggregate
service level constraint compared to the separated one. It is worthwhile to mention that the piece-
wise linear model generally overestimates the inventory and backlog. The average 8 deviation, cost
deviation and both accuracy measures are close to 0, which shows that the piece-wise linear model
provides a very good estimation. The positive percentage of service level deviation shows that the
imposed service levels are satisfied. The last column shows the advantage of the aggregate 8 service
level over the separate one which is about 6%. In terms of execution time the separate model is faster
on average. When the 8 service level is defined per period (8,) the ACost is increased to 15.2% which
is more than twice the value for the global case (8). Furthermore, the execution time for the aggregate
model is slightly increased but remains in the same order of magnitude, whereas the time for the
separate service level has been reduced by an order of magnitude. The execution time is reduced from
aggregate to separate and from global service level to per period service level.

The next service level is the ~ service level. The deviations and accuracy measures are close to 0
for both aggregate and separate models. This means that the piece-wise linear model provides a good
approximation. The ACost is about 5% which shows the average cost reduction for the aggregate case
compared to the separate case. In terms of execution time the model is very fast compared to the g
service level. One of the main reasons is the presence of extra binary variables in the models for the 3
service level. It is also possible to investigate the difference between the separate and aggregate service
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level per period (7,). The advantage of the aggregate service level over the separate one is about 12%.
These differences are more distinctive compared to the global case () where the service level is defined
over the whole planning horizon. The execution time is higher compared to the global version.

The next service levels are the § and d, service levels. As can be seen, the difference between the
model and evaluated cost and service level is very small and in most cases close to 0. For both service
levels, the cost of the aggregate models are less than the cost of the separate models and the average
differences are 9.7% and 26.6% for ¢ and d,, respectively. The execution times of the models with ¢
and 0, are slightly lower than for the v and +, service levels, respectively, but follow the same pattern
and they are lower in the global cases compared to per period ones.

The last service level is the a, service level. Based on the preliminary test, 11 service levels for
the quantile-based model are selected. The minimum service level for each product is set to 80%. The
models are solved with the aggregate and separate a. service levels using the quantile-based model.
We have three levels for the a. target: 80%, 90%, and 95%. For example, for the case with a. equal
to 90%, we solve the separate model imposing individual a, levels of 90% for each product, and we
solve the aggregate model imposing individual a. levels of 80% and an aggregate a. level of 90%.
The a, deviation and accuracy are close to 0% and therefore the model has a very good performance
in terms of service level. Based on the cost accuracy, although the quantile-based approximation
has a good performance, the performance of the piece-wise linear approximation for other service
levels outperforms quantile-based approximation for the defined number of segments and service level
options. In terms of execution time the separate model is much faster than the aggregate model. The
difference between the cost of the models with aggregate and separate «. service level is about 1.5%.
Note that the case with the aggregate service level equal to 80% results in 0% ACost. Excluding this
case the ACost is equal to 2.53%.

In general, the ACost for the global service levels (8,7,d) are less than the ACost for the service
levels imposed in each period (8p,7p,0d,). Based on the total cost, we can conclude that with the
same value for the service levels, the a. service level is the most strict and the § service level is the
least strict service level among the four. This can conclude that the advantage of an aggregate service
level is more noticeable for the less strict service levels because of the higher flexibility in these service
levels. In more strict service levels there is less possibility for the aggregate model to maneuver.

7.4 Sensitivity analysis

To have a better understanding on the effect on different parameters on the cost difference between
aggregate and separate service levels, sensitivity analyses are conducted. In these experiments, the
effect of holding cost, demand variation, capacity, TBO, service level, number of products, and periods
are investigated. Different values which are used for the sensitivity analysis are provided in Table 12.
A low level for Util shows the loose capacity and a high level for Util pertains to the tight one. Table 13
shows different cases for the holding cost and their variance.

Table 12: Parameter values for the sensitivity analysis

Parameter Values

Util 0.45, 0.55, 0.65, 0.75, 0.85
TBO 1, 2, 8 4, 5
v 10%, 20%, 30%, 40%, 50%

Service Level 91%, 93%, 95%, 97%, 99%

Figure 3 presents the results of the sensitivity analysis of the -y service level. The capacity constraint
affect more the models with separate service level compared to aggregate ones as in the separate case it
is not possible to compensate the production of some products with others. Because of the aggregate
model flexibility, the capacity does not affect it at lower utilization. At higher utilization when the
capacity is tighter, the capacity will affect the aggregate model as well and this causes a very small
reduction in ACost.



16 G-2019-68 Les Cahiers du GERAD

Table 13: Different options of the holding cost for the sensitivity analysis

Case Holding cost for 10 products Standard Deviation
1 [1, 1, 1, 1, 1, 10, 10, 10, 10, 10] 4.74
2 [1, 1,1, 5.5, 55, 5.5 5.5, 10, 10, 10 ] 3.67
3 [1,2 84,56 78 9, 10] 3.03
4 [3, 8, 8, 5.5, 5.5, 5.5, 5.5, 8, 8, 8] 2.04
5 [4, 4, 4, 5.5, 5.5, 5.5, 5.5, 7, 7, 7] 1.22
6 [5.5, 5.5, 5.5, 5.5, 5.5, 5.5, 5.5, 5.5, 5.5, 5.5] 0.00
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Figure 3: Sensitivity analysis plots for v service level

For the TBO, there is a reduction in ACost when TBO increases from 1 to 3 and there is an
increase in A Cost when TBO increase from 3 to 5. When TBO is 1 the advantage of the aggregate
model is reflected in the total inventory cost. The aggregate model satisfies the service level constraint
by storing less from the products which have the higher holding costs. This flexibility does not exist
in the model with the separate service level. When TBO is equal to 5 the advantage of the aggregate
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model is more reflected in the total setup cost. There is the possibility of not producing a product in
the aggregate model as it is possible to compensate it with other products. This flexibility does not
exist in the separate model.

The A Cost generally decreases when the variance increases. The higher variance will increase the
total expected cost in general for both the aggregate and separate model. Due to the flexibility of the
aggregate model, it is less affected at the lower variance, and this causes the ACost to decrease as the
variance increases.

The ACost generally decreases when the target aggregate service level increases. This is logical
because, when there is a lower service level, the aggregate model has a higher flexibility, which is not
the case for higher service levels.

Based on the plots, the A Cost for the  service level in its global version exibits no obvious trend for
the number of products and periods. The lowest value for the A Cost is when the number of products
is equal to 5 and highest value is when it is equal to 10.

The last plot in Figure 3 shows the sensitivity analysis based on the holding cost. The A Cost
increases as the variance in the holding costs increases as the variation of holding costs increase from
case 6 to case 1. The advantage of the aggregate service level is more noticeable when the products
have higher differences in their holding costs. This shows that, when there is a limited capacity and
high variation in holding costs an aggregate service level will allow us to obtain significantly lower costs.

Figure 4 illustrates different plots for the sensitivity analysis of the 7, service level. The advantage
of the aggregate service level in this case is much higher than for the 7 service level as indicated by
the general higher level of ACost. Unlike for the v service level, which was defined globally, at higher
capacity utilization ACost will increase for the +, service level. In addition to the cost saving with the
aggregate service level, there is also a higher probability of infeasibility in the model with a separate
service level. It is worthwhile to mention that there is also a higher probability of infeasibility in -+,
compared to the v service level. For example, when the utilization factor is equal to 0.85, the models
with 7, service levels are infeasible which is not the case in «y service level.

Similar to the case of 7y service level, in the case of the 7, service level, the ACost decreases when
the target aggregate service level increases. This is because, when there is a lower service level, the
aggregate model has a higher flexibility, which is not the case for higher service levels. When the
service level is equal to 99% all the 10 models with separate service levels were infeasible, while 6
of them were infeasible in the aggregate case. Unlike the global version, 7, in which the ACost is
not sensitive to the number of periods, for the v, service level the ACost increases as the number of
periods increases.

The last plot in Figure 4 shows the sensitivity analysis based on the holding cost. This plot follows
a similar trend as in the case of the 7 service level but the values of A Cost are much higher in all cases.
The ACost increases as the variance in the holding costs increases. The advantage of the aggregate
service level is more distinctive when the products have higher differences in terms of holding cost.

Appendix A shows the sensitivity analysis diagrams for j, 3,,9, and §, service levels. In these
diagrams the global service levels, 5 and ¢ have similar trends as observed for . The 3, and J, service
levels show similar patterns as the -, service level.

7.5 The effect of minimum individual service level

In the previous section, there was no a minimum individual service level imposed in the aggregate
models except for the . service level since this model requires service level options. In this section,
we investigate the case when both the individual and aggregate service levels are imposed collectively
for selected service levels. To avoid infeasibilities the Util is changed from 0.65 to 0.5. Figure 5 shows
the plots for the v service level.
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Figure 4: Sensitivity analysis plots for v, service level

There are two series in this plot. One of them shows the cost difference between the aggregate and
separate service levels when there is an individual v service level of 80% imposed together with an
aggregate  constraint. The other series which is shown by the dashed line is the cost difference when
the individual service level of 90% is imposed together with an aggregate constraint. Both of these
series follow a similar pattern. When the separate service level is equal to the minimum individual
service levels in the aggregate model, A Cost is equal to 0. When the difference between the minimum
individual and aggregate service level increases, the A Cost will also increase to a certain point. After
that there is a decrease in the ACost. This shows that at high service levels the difference between
aggregate and separate service levels will decrease. This is logical as in the lower service levels there is
more flexibility for the aggregate model, while at higher service levels the amount of allowable backlog
for both separate and aggregate service level is very low.



Les Cahiers du GERAD G-2019-68 19

5.0%
45%
4.0%
35%

L 3.0% P
v 4 h
S 2.5% 4 AN
s d .
2.0% £ 3y
I b
15% ’I :
1.0% 7
]
0.5% ':
0.0% L
75% 80% 85% 90% 95% 100% 105%
Aggregate Service Level
-—@=- Min 90% of individual service level Min 80% of individual service level

Figure 5: Effect of individual service levels ()

Appendix B shows the similar diagrams for 3, 8p,7p,d, and 6,. Note that for convenience, we
include the diagram for the v service level as well. The trends in these diagrams for the global service
levels are similar to the v service level which is explained before. The trends for the per period service
levels (8p, Vp, 0p) are also similar to each other. In these latter diagrams there is no point for the 99.9%
as in all of these cases the models with separate service levels were infeasible and it was not possible
to calculate the ACost. Despite the similar trends in the diagrams, There are differences in the value
of ACost. Based on these diagram we can conclude that the value of the aggregate service level in
the per period cases is more than for the global case at the same value of service level. The 8 and v
service level are very close to each other in terms of the value of ACost, and 0 service has the highest
ACost at the same value of service level.

8 Conclusion and future directions

In this research, different aggregate service levels have been have been investigated in the context of
multi-item capacitated lot-sizing problems. Such aggregate service levels allow the planner to flexi-
bly assign different service levels to individual products so that they collectively satisfy the aggregate
service level measures. These aggregate service levels can be used in conjunction with the commonly
adopted service levels imposed on individual products. These service levels are the extensions of the
well-known ag, 3,7, and § service levels. Since the mathematical models are non-linear, different ap-
proximations schemes are developed which are piece-wise linear and quantile-based approximations.
Extensive numerical experiments are conducted to analyze the flexibility and cost savings of the ag-
gregate service level. The numerical experiments show that using the aggregate service level provides
flexibility to the problem which result in overall cost reductions. This cost reduction varies based on
different service levels and parameters. The numerical experiments show that the cost reduction is
more in the case where the aggregate service level is imposed in each period compared to global case,
and in quantity and time oriented service levels (8,7, ) compared to the event oriented one (c.). The
next step of this research is to approximate the problem using scenario-based models which can be
used in dealing with general service levels and demand distributions. Such modeling scheme, albeit
general, may not be scalable and this justifies hence further research on the development of efficient
solution frameworks.

A Appendix A: Sensitivity analysis

In this appendix the diagrams of sensitivity analysis for the 3, 8, §, and d,, service levels are presented.
The 8 and ¢ service levels have similar trends to 7 service level. 8, and J, service levels are similar
to 7y, service level which was explained in the section of sensitivity analysis. Despite these similarities,
the value of ACost differ for different types of service level. In general at the same service level, the
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ACost has its highest value in §, and its lowest value in +y service level, if the models are feasible.
What is common in all the diagram is that the ACost is more sensitive to the holding cost and it
increases when the variation in holding cost increases. In addition to that in all the diagrams the
ACost decreases when the service level increases.

Capacity Time Between Orders
7.0% 7.0%
6.0% 6.0%
5.0% 5.0%
g 4.0% g 4.0% \\/‘/
S T < 0%
2.0% 2.0%
1.0% 1.0%
0.0% 0.0%
45% 55% 65% 75% 85% 1 2 3 4 5
Util TBO
Variance Service Level
7.0% 7.0%
6.0% 6.0%
5.0% 5.0%
2 4.0% 2 4.0%
o o
S 3.0% ‘\.\.—.\_’ S 3.0%
2.0% 2.0%
1.0% 1.0%
0.0% 0.0%
0.1 0.2 0.3 0.4 0.5 91% 93% 95% 97% 99%
vce sL
Number of Products Number Of Periods
7.0% 7.0%
6.0% 6.0%
5.0% 5.0%
% 4.0% % 4.0%
[e} o
g 3.0% /._.’—-' S 3.0% /._/—0——'
2.0% 2.0%
1.0% 1.0%
0.0% 0.0%
5 10 15 20 5 10 15 20
K] ITI
Holding Cost

7.0%
6.0%
5.0%

4.0%

3.0%

o I

1.0% l

0.0% | -

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
HC

ACost

Figure 6: Sensitivity analysis plots for 3 service level
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A.1 Appendix B: Effect of minimum individual service levels
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Figure 10: Effect of individual service levels
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